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DEFORMATIONS OF DOLBEAULT COHOMOLOGY CLASSES
WEI XIA
Abstract. In this paper, we establish a deformation theory for Dolbeault co-
homology classes valued in holomorphic tensor bundles. We prove the extension
equation which will paly the role of Maurer-Cartan equation. Following the classi-
cal theory of Kodaira-Spencer-Kuranishi, we show the existence of Kuranishi type
spaces and construct a complete analytic family by using the power series method.
We also show that the deformations of (p, q)-forms (for Ka¨hler manifold) and vector
(0, q)-forms (for Calabi-Yau manifold) are unobstructed. By analyzing Nakamura’s
example of complex solvable manifolds, we will see that the deformation theory
developed in this work provides precise explanations to the jumping phenomenon
of Dolbeault cohomology.
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1. Introduction
The foundations of the theory of deformations of complex analytic structures on a
compact complex manifold X is developed around the 1960s’ mainly by Kodaira and
Spencer [KS58, KS60]. In [KNS58], Kodaira-Nirenberg-Spencer proved a fundamen-
tal existence theorem for the deformations of complex analytic structures under the
assumption that H2(X,Θ) = 0, where Θ is the sheaf of germs of holomorphic vector
fields on X. Later on, Kuranishi [Kur62] proved the theorem of existence in the full
generality which states that there exists a semiuniversal family of deformations of X
for any compact complex manifold X. The family of complex manifolds π : X → B
thus constructed is called the Kuranishi family, and B is called the Kuranishi space
of X. Note that because we are studying small deformations, only the germs of π and
B are well-defined notions.
In [LSY09], Liu-Sun-Yau pioneered the study of deformations of pluricanonical
forms on the Kuranishi space in the case of Riemann surfaces. A remarkable feature
of their study is the use of the extension operator and the iteration procedure to
construct the deformations. By means of the extension operator, it is natural to
consider the extension equation which plays the role of Maurer-Cartan equation. The
iteration procedure is quite analogous to the power series method employed in the
classical theory of deformations of complex structures [MK71, Kod86]. By contrast,
in Griffiths’ visionary work [Gri65], a general framework has been established for the
extension problem in cohomology and the existence of Kuranishi type space is proved
by using the implicit function theorem. The present work is much inspired by these
ideas. See also [LZ18, RZ18, RWZ19, LRY15, Sun12, Wav73].
The main aim of this paper is to develop a deformation theory in the sense of
Kodaira-Spencer for Dolbeault cohomology classes (valued in holomorphic tensor bun-
dles) and consider some of its applications. As in the classical theory, the so-called
Beltrami differential is a key player in our story. Let X be a compact complex man-
ifold, any small deformation Xt of X can be represented by a Beltrami differential
φ = φ(t) ∈ A0,1(X,T 1,0) (see e.g. [Voi08, Huy05, Kur65]), which may be viewed
as a smooth bundle map φ : T 0,1 → T 1,0, such that the Maurer-Cartan equation is
satisfied:
(1.1) ∂¯φ− 1
2
[φ, φ] = 0.
By means of the Beltrami differential φ, the extension operator [ZR15, RZ18] ρ :
Ap,q(X) → Ap,q(Xt) can be naturally defined as an A0(X)-linear isomorphism. The
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extension operator ρ has the property that it is compatible with the wedge prod-
uct, see Section 2. As a result, we can compute an explicit formula for ρ−1∂¯tρ by
using Fro¨licher-Nijenhuis’s characterization of derivations [FN56], where ∂¯t is the Dol-
beault operator onXt. The extension operator can also be defined for E-valued forms,
namely, ρ : A0,q(X,E) → A0,q(Xt, Et), where E and Et are corresponding holomor-
phic tensor bundles on X and Xt, respectively. Given σ ∈ A0(X,E), the extension
equation tells us when is ρσ ∈ A0(Xt, Et) a ∂¯t-closed section. In fact, we have (see
Theorem 3.16)
(1.2) ∂¯tρσ = 0⇐⇒ ∂¯σ − 〈φ|σ〉 = 0.
Equation (1.2) is called the extension equation for the deformations of sections in
A0(X,E). As mentioned above, (1.2) will paly the same role as the Maurer-Cartan
equation (1.1). It should be pointed out that various special cases of (1.2) already
appeared in previous works 1. In fact, if E is trivial, i.e. for functions, (1.2) reduced
to Proposition 1.2 of [MK71, pp. 151] which is a well-known fact. If E is the tangent
bundle T 1,0X , this was proved by Hamilton [Ham77, pp. 7] and Zhang [Zha14, pp. 55].
If E is the canonical bundleKX , this was proved by Liu-Rao-Yang [LRY15, Prop. 5.1].
If E is the pluricanonical bundle KmX , this was proved by Liu-Zhu [LZ18, Lem. 6.1].
The case of E = Ωp was also proved by Rao-Zhao [RZ18, Prop. 2.13].
For general deformation of Dolbeault cohomology classes, we need the extension
isomorphism (see Theorem 4.4)
(1.3) H0,q
∂¯φ
(X,E) ∼= H0,q
∂¯t
(Xt, Et) , ∀q ≥ 0.
where
H0,q
∂¯φ
(X,E) :=
ker ∂¯φ ∩A0,q(X,E)
Im∂¯φ ∩A0,q(X,E)
, ∀q ≥ 0 ,
and
∂¯φ := ∂¯ − 〈φ| : A0,•(X,E) −→ A0,•+1(X,E).
The paring 〈·|·〉 : A0,k(X,T 1,0X )×A0,q(X,E)→ A0,q+k(X,E) and the operator 〈φ| are
natural generalization of the Lie derivative and the Fro¨licher-Nijenhuis bracket. It is
commonly believed that every deformation problem is controlled by a DGLA [Man04,
SS12], we find that in our case the deformation is determined by a (holomorphic fam-
ily of) DGLA-module over the usual Kodaira-Spencer DGLA (A0,•(X,T 1,0X ), ∂¯, [·, ·]).
Motivated by these facts, we make the following definitions (see Section 7).
Let π : (X ,X) → (B, 0) be a deformation of a compact complex manifold X
such that for each t ∈ B the complex structure on Xt is represented by Beltrami
differential φ(t) and E be a holomorphic tensor bundle on X. Given [y] ∈ H0,q
∂¯
(X,E)
and T ⊆ B, which is a complex subspace of B containing 0, a deformation of [y]
(w.r.t. π : (X ,X)→ (B, 0) ) on T is a family of E-valued (0, q)-forms σ(t) such that
1. σ(t) is holomorphic in t;
2. ∂¯φ(t)σ(t) = ∂¯σ(t)− 〈φ(t)|σ(t)〉 = 0, ∀t ∈ T ;
3. [σ(0)] = [y] ∈ H0,q
∂¯
(X,E).
1The readers should be careful of the flaws about the descriptions of extension equation in [Gri65,
Ham77, Hua95]. See Remark 3.17.
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If T = B holds, we say [y] has unobstructed deformation w.r.t. π. If T = B for any
π, then we say [y] has unobstructed deformation. A deformation σ(t) of [y] on T is
called canonical if ∂¯∗σ(t) = 0 and Hσ(t) = Hy,∀t ∈ T . Two deformations σ(t) and
σ′(t) of [y] on T are equivalent if [σ(t)− σ′(t)] = 0 ∈ H0,q
∂¯φ(t)
(X,E), ∀t ∈ T .
As in the classical Kodaira-Spencer theory, a fundamental question is how to con-
struct a complete/universal family of deformations. This is answered by the following
result (see Theorem 6.11 and Theorem 7.15):
Theorem 1.1. Let X be a compact complex manifold and π : (X ,X)→ (B, 0) be the
Kuranishi family of X. Suppose E is a holomorphic tensor bundle on X and denote
by H0,q(X,E) the space of harmonic E-valued (0, q)-forms.
1. For any linear subspace V ⊆ H0,q(X,E), there is an analytic subset B(V ) of B such
that ∀σ0 ∈ V its canonical deformation exists on B(V ) and B(V ) is maximal among
those subsets which have this property.
2. Let ̟ : (Y, Ys0)→ (D, s0) be a small deformation of the compact complex manifold
X which is realised as the pullback of the Kuranishi family π : X → B with the
following commutative diagram:
(Y, Ys0) Φ //
̟

(X ,X)
π

(D, s0)
h
// (B, 0),
and [y] ∈ H0,q
∂¯
(X,E).
(i) Assume S is an analytic subset of D with s0 ∈ S, if there is a canonical defor-
mation of Φ∗s0 [y] on S then S ⊆ h−1(B(CHy)) and any canonical deformation
of Φ∗s0 [y] on S is the pullback of the canonical deformation of [y] on B(CHy)
(restricted on S), where Φ∗s0 : A
0,q(X,E) → A0,q(Ys0 , Es0) is the identifica-
tion induced by the biholomorphic map Φs0 : Ys0 → X. In particular, for any
Φ∗s0 [y] ∈ H0,q∂¯Ys0 (Ys0 , Es0), its canonical deformation exists on h
−1(B(CHy));
(ii) For any deformed Dolbeault cohomology class [u] ∈ H0,q
∂¯ψ(s)
(Ys0 , Es0), there
exists σ0 ∈ H0,q(X,E) such that [u] = [h∗σ(s)] where σ(t) is the canonical
deformation of σ0 and h
∗σ(s) denotes the pull back of σ(t) by h.
While the existence of these spaces B(V ) was also proved by Griffiths [Gri65,
Thm. 4.2], our proof by using the power series method enable to construct B(V )
very explicitly in a way similar to the construction of the Kuranishi space B. Note
that, for any [y] ∈ H0,q
∂¯
(X,E), the space B(CHy) is the maximal existence domain of
the canonical deformations of [y]. On the other hand, the canonical deformation σ(t)
of [y] (w.r.t. π) is constructed on B(CHy) and it may happen that σ(t) is ∂¯φ(t)-exact
for some t ∈ B(CHy) if q > 0. Along with the possible obstructions of deforma-
tions, these two facts are the exact reasons which cause dimHq(Xt, Et) to jump, see
Section 9 for concrete examples. In fact, Theorem 1.1 has the following immediate
consequence (see Definition 6.9 for the definition of ft):
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Corollary 1.2. Let X be a compact complex manifold and set B′ = B(H0,q(X,E)),
then
1. B′ = B if and only if dimHq(X,E) = dimHq(Xt, Et) + dimker ft for any
t ∈ B;
2. dimHq(X,E) is a deformation invariant if and only if B′ = B and dimker ft =
0 for any t ∈ B;
3. If H1(X,E) = 0, then dimH0(X,E) is a deformation invariant.
Note that B′ = B means exactly that the deformations of E-valued (0, q)-forms
on X is canonically unobstructed. In general, we do not know whether a given
formal deformation converges and a given Dolbeault cohomology class may have many
inequivalent deformations (See the last paragraph of Section 9). This is why we insist
on considering canonical deformations in this paper. The above Corollary shows that
there is a relation between the existence of canonical deformations and the varying
of dimHq(Xt, Et) which is another advantage of the canonical deformation.
A celebrated theorem proved by Siu [Siu02a] says that the plurigenera is a defor-
mation invariant for projective family of algebraic manifolds where projective family
means that there is a positive line bundle on the total space of the family [Siu98]. It
seems not known whether it is still true if we only assume the central fiber of the ana-
lytical family is projective. Nevertheless, it is conjectured by Siu [Siu02a, Siu02b] that
the plurigenera is a deformation invariant for compact Ka¨hler manifold. Furthermore,
Nakayama suspect this is true even if we only assume the central fiber is in the Fujiki
class C [Nak04]. It is proposed by Liu-Zhu that we can approach Siu’s conjecture by
using the iteration method [LZ18, Sec. 6]. Corollary 1.2 shows that in order to solve
Siu’s conjecture we only need to prove that the deformations of pluricanonical forms
on a compact Ka¨hler manifold are canonically unobstructed.
Recently, Rao-Zhao [RZ18] showed that the deformation of holomorphic p-forms
is unobstructed assuming a weak form of the ∂∂¯-lemma. We will show that the
deformations of (p, q)-forms (for Ka¨hler manifold) and vector (0, q)-forms (for Calabi-
Yau manifold) are unobstructed by solving the extension equation inductively (see
Theorem 8.1 and Theorem 8.4). In fact, for Ka¨hler manifolds we have the following
Theorem 1.3. Let X be a compact Ka¨hler manifold, then the deformations of (p, q)-
forms on X are canonically unobstructed and ft : Hp,q∂¯ (X)→ H
p,q
∂¯φ(t)
(X) is an isomor-
phism for any t ∈ B. Furthermore, let σ(t) = ∑k σktk ∈ Ap,q(X) be the canonical
deformation of [σ0] ∈ Hp,q∂¯ (X), then σk is ∂-exact and ∂¯∗-exact for each k > 0.
As to obstructed deformations, we will study the examples provided by Naka-
mura [Nak75] in Section 9. We show that the Hodge number decreases at Xt if and
only if either there are nontrivial obstructions or dimker ft > 0. This gives a precise
explanation to the jumping phenomenon, see [Ye08, Ye10, Wav73, Kle71] for related
works on this topic. Note that the techniques developed in this paper provides a new
method to compute the Dolbeault cohomology for small deformations of compact
complex manifolds. Compare [AK17].
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2. The extension operator and its inverse
In this section we review some basic properties of the extension operator and
its inverse operator. Let π : X → ∆k be an analytic family of compact complex
manifolds (i.e. a proper surjective holomorphic submersion between complex mani-
folds) of dimension n over the unit polydisc ∆k in Ck with fiber Xt = π
−1(t), where
t = (t1, · · · , tk) ∈ ∆k. By Ehresmann theorem, X is diffeomorphic to X0 × ∆k,
in particular, Xt is diffeomorphic to X0, ∀t = (t1, · · · , tk) ∈ ∆k. Each fiber Xt
is then regarded as a deformation (of complex structure) with respect to X0. For
sufficiently small t, a deformation Xt is represented by the Beltrami differential
φ := φ(t) ∈ A0,1(X0, T 1,0) which may be defined as
(2.1) φ := φαβdz¯
β ⊗ ∂
∂zα
=
(
∂w
∂z
)−1
αγ
∂wγ
∂z¯β
dz¯β ⊗ ∂
∂zα
,
where z1, · · · , zn and w1, · · · , wn are holomorphic coordinates on X0 and Xt, respec-
tively. Indeed, we have
(2.2) dwβ =
∂wβ
∂zα
dzα +
∂wβ
∂z¯α
dz¯α =
∂wβ
∂zα
(1 + iφ)dz
α,
where 1 denote the identity operator. For any vector forms such as the Beltrami
differential φ, we can associate an operator iφ which is a derivation on the exterior
algebra A(X0) = ⊕p,qAp,q(X0) of differential forms on X0. For any ϕ ∈ Ap,q(X0),
(2.3) iφϕ := φ
α
βdz¯
β ∧ ( ∂
∂zα
yϕ) ∈ Ap−1,q+1(X0),
where ’y’ denotes the contraction operation (the operator ∂
∂zα
y• is also called the
interior derivative in the literature). We easily see that (iφ)
n+1 = 0 so that eiφ :=∑∞
k=0
ik
φ
k! : A(X0) → A(X0) is a well-defined operator. Since eiφe−iφ = e−iφeiφ = e0
is the identity operator, e−iφ is the inverse operator of eiφ . The extension operator
(from X0 to Xt) is defined [ZR15, RZ18] as follows:
ρ : Ap,q(X0)→ Ap,q(Xt),
ϕ = ϕIJdz
I ∧ dz¯J 7→ ϕIJ(eiφdzI) ∧ (eiφ¯dz¯J ),
where I = (i1, · · · , ip), J = (j1, · · · , jq) are multi-index and dzI = dzi1 ∧ · · · ∧ dzip ,
dz¯J = dz¯j1 ∧ · · · ∧ dz¯jq . It is clear from the definition that ρ is A0(X0)-linear.
Lemma 2.1. [Cle99] The operators eiφ and eiφ¯ are compatible with the wedge product,
namely, eiφ(ϕ∧ψ) = eiφϕ∧ eiφψ and eiφ¯(ϕ∧ψ) = eiφ¯ϕ∧ eiφ¯ψ for any ϕ,ψ ∈ A(X0).
Lemma 2.2. [RZ18] The extension operator ρ : A(X0) → A(X0) is compatible with
the wedge product, namely, ρ(ϕ ∧ ψ) = ρϕ ∧ ρψ for any ϕ,ψ ∈ A(X0).
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Since i2φ = i
2
φ¯
= 0 on A1(X0), it follows from Lemma 2.1 that
ρ(dzI ∧ dz¯J)
=(eiφdzI) ∧ (eiφ¯dz¯J)
=(dzi1 + iφdz
i1) ∧ · · · ∧ (dzip + iφdzip) ∧ (dz¯j1 + iφ¯dz¯j1) ∧ · · · ∧ (dz¯jq + iφ¯dz¯jq).
(2.4)
Note that this identity can also be obtained by direct computation, and then Lemmas
2.1, 2.2 may be derived from this identity. Now, from (2.2) and (2.4) we see that the
forms
{
(eiφdzI) ∧ (eiφ¯dz¯J )}
I,J
is a local basis of Ap,q(Xt), so ρ is an isomorphism.
We can characterize the extension map as follows:
Proposition 2.3. [RZ18] The extension operator ρ : A(X0) → A(X0) is the unique
map on A(X0) such that 1. it is compatible with the wedge product. 2. its action on
arbitrary 1-form ξ ∈ A1(X0) is given by (1 + iφ + iφ¯)ξ.
Because 1 + iφ + iφ¯ is a real vector form, we see that ρ is a real operator and so
it can act on A(Xt), ∀t ∈ ∆k. Let ρ01, ρ12 and ρ02 be the extension operators from
X0 to Xt1 , Xt1 to Xt2 and X0 to Xt2 , respectively. It would be nice if the extension
operators satisfy the composition law, that is, ρ12ρ01 = ρ02. Unfortunately, this is
not the case in general. Furthermore, the inverse of the extension operator from X0
to Xt does not coincide with the extension operator from Xt to X0. This can be seen
from the following
Proposition 2.4. Let ρ−1 be the inverse of the extension operator from X0 to Xt.
Then ρ−1 is the unique map on A(X0) such that 1. it is compatible with the wedge
product. 2. its action on an arbitrary 1-form ξ ∈ A1(X0) is given by (iψ+ iψ¯)ξ, where
ψ = ∂w
i
∂zα
dzα ⊗ ∂
∂wi
.
Proof. Since ρ is compatible with the wedge product it is clear that ρ−1 is also com-
patible with the wedge product. Then ρ−1 is uniquely determined by its action on
A1(X0). From the fact that ρdzi = (1 + iφ)dzi and ρdz¯i = (1 + iφ¯)dz¯i, we have
ρ−1dwi = (1 − iφ)dwi and ρ−1dw¯i = (1 − iφ¯)dw¯i, where, as usual, z1, · · · , zn and
w1, · · · , wn are holomorphic coordinates on X0 and Xt, respectively. By (2.2), we
have
(1− iφ)dwi = ∂w
i
∂zα
(1− iφ)(1 + iφ)dzα = ∂w
i
∂zα
dzα,
(1− iφ¯)dw¯i =
∂w¯i
∂z¯α
dz¯α.
If we set ψ = ∂w
i
∂zα
dzα ⊗ ∂
∂wi
, then for any 1-form ξ ∈ A1(X0), we have ρ−1ξ =
(iψ + iψ¯)ξ. 
Remark 2.5. Note that if we set ψ′ = ∂w
i
∂z¯α
dz¯α ⊗ ∂
∂wi
, then the action of ρ−1 on
A1(X0) is given by 1− iψ′ − iψ¯′ . Let τ be the Beltrami differential of X0 with respect
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to Xt and ρt0 be the extension operator from Xt to X0, we have
(2.5) ρt0 |A1(X0)= 1− iτ − iτ¯ , where τ =
(
∂z
∂w
)−1
iα
∂zα
∂w¯j
dw¯j ⊗ ∂
∂wi
,
(2.6) ρt0 = ρ
−1
0t ⇔
∂wi
∂z¯α
∂z¯α
∂wj
= 0 and
∂wi
∂z¯α
∂z¯α
∂w¯j
=
(
∂z
∂w
)−1
iα
∂zα
∂w¯j
, ∀i, j.
3. Extension equations
In this section, we will derive extension equations which will be fundamental for
our deformation theory. First, we recall some basic facts about derivations. See
[KMS93, FN56] and [Xia18] for more details.
3.1. Derivations and bracket operations on a real manifold. Let M be a
smooth manifold of dimension n, A(M) =
⊕k=n
k=0 A
k(M) be its exterior algebra of
differential forms. A (graded) derivation D on A(M) is a R-linear map D : A(M)→
A(M) with D(Al(M)) ⊆ Al+k(M) and D(ξ ∧ η) = (Dξ) ∧ η + (−1)klξ ∧ (Dη) for
ξ ∈ Al(M). The integer k is called the degree of D. We denote by Dk(M) the space
of all derivations of degree k on A(M). For any D1 ∈ Dk1(M) and D2 ∈ Dk2(M), the
graded commutator is defined by [D1,D2] := D1D2 − (−1)k1k2D2D1. With respect
to this bracket operation, the space of all derivations D(M) =
⊕
kD
k(M) becomes a
graded Lie algebra.
3.1.1. The interior derivative and Lie derivative. For a vector valued (k + 1)-form
K ∈ Ak+1(M,TM), we can associate a derivation iK of degree k by setting iKϕ :=
ξ ∧ (iXϕ) , if K = ξ ⊗ X for a (k + 1)-form ξ and a vector field X, where ϕ ∈
A(M). Let d be the exterior derivative on M , then the Lie derivative is defined as
LK := [iK , d] = iKd − (−1)kdiK , where K ∈ Ak+1(M,TM). According to a result
due to Fro¨licher-Nijenhuis [FN56, Prop. 4.7], for any D ∈ Dk(M), there exist unique
K ∈ Ak(M,TM) and L ∈ Ak+1(M,TM) such that
(3.1) D = LK + iL,
and L = 0 if and only if [D, d] = 0, K = 0 if and only if D is algebraic.
3.1.2. Algebraic derivation. A derivation D on A(M) is called algebraic if Df =
0,∀f ∈ A0(M). By (3.1), every algebraic derivation of degree k on A(M) is of the
form iL for some unique L ∈ Ak+1(M,TM).
3.1.3. The Fro¨licher-Nijenhuis bracket. For any K ∈ Ak(M,TM), L ∈ Al(M,TM),
[LK ,LL] is a derivation of degree k + l such that [[LK ,LL], d] = 0, hence by (3.1),
(3.2) [LK ,LL] = L[K,L]
for some unique [K,L] ∈ Ak+l(M,TM). This operation [·, ·] is called the Fro¨licher-
Nijenhuis bracket.
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3.2. Derivations conjugated by the extension operator. Now we come back to
the setting of Section 2. Let π : X → ∆k be an analytic family of compact complex
manifolds of dimension n over the unit polydisc ∆k in Ck with fiber Xt = π
−1(t),
where t = (t1, · · · , tk) ∈ ∆k. Note that, by extending C-linearly, all the constructions
in previous subsections can be applied for complex manifolds. A bigraded derivation
of bidegree (k, l) on A(X0) is a C-linear map D : A(X0)→ A(X0) with D(Ap,q(X0)) ⊆
Ap+k,q+l(X0) and D(ξ ∧ η) = (Dξ) ∧ η + (−1)(k+l)mξ ∧ (Dη) for ξ ∈ Am(X0). By
definition, A bigraded derivation of bidegree (k, l) is necessarily a graded derivation
of degree k + l. The space of all bigraded derivation of bidegree (k, l) on A(X0)
is denoted by Dk,l(X0), then D
k(X0) =
⊕
p+q=kD
p,q(X0). We make the following
observations:
Lemma 3.1. If D is a graded derivation of degree k on A(X0), then ρ
−1Dρ is also
a graded derivation of degree k on A(X0). If D is a bi-graded derivation of bi-degree
(k, l) on A(Xt), then ρ
−1Dρ is a bi-graded derivation of bi-degree (k, l) on A(X0).
Proof. This follows immediately from the definitions and the fact that both ρ−1 and
ρ are compatible with the wedge product (Lemma 2.2 and 2.4). 
Lemma 3.2. [Xia18] For any vector k-form K on X0, set L1,0K := [iK , ∂] = iK∂ −
(−1)k−1∂iK , and L0,1K := [iK , ∂¯] = iK ∂¯ − (−1)k−1∂¯iK , we have
(1) if K ∈ A0,k(X0, T 1,0), then L0,1K = (−1)ki∂¯K ;
(2) if K ∈ Ak,0(X0, T 0,1), then L1,0K = (−1)ki∂K ;
(3) if K ∈ Ak,0(X0, T 1,0), then L0,1K = (−1)ki∂¯K ;
(4) if K ∈ A0,k(X0, T 0,1), then L1,0K = (−1)ki∂K .
Lemma 3.3. Let ϕ ∈ A0,1(X0, T 1,0) and ψ ∈ A0,1(X0, T 1,0), then we have
(1) [L1,0ϕ ,L1,0ψ ] = L1,0[ϕ,ψ];
(2) [∂¯,L1,0ϕ ] = L1,0∂¯ϕ.
Proof. By (3.2) and Lemma 3.2, we have
[Lϕ,Lψ] = L[ϕ,ψ] = L1,0[ϕ,ψ] + i∂¯[ϕ,ψ],
on the other hand,
[Lϕ,Lψ] = [L1,0ϕ + i∂¯ϕ,L1,0ψ + i∂¯ψ] = [L1,0ϕ ,L1,0ψ ] + [L1,0ϕ , i∂¯ψ] + [i∂¯ϕ,L1,0ψ ] + [i∂¯ϕ, i∂¯ψ].
By comparing the bidegree, (1) follows. For (2), by applying the Jacobi identity and
Lemma 3.2, we have
[∂¯,L1,0ϕ ] = [∂¯, [iϕ, ∂]] = [[∂¯, iϕ], ∂] + [iϕ, [∂¯, ∂]] = [−L0,1ϕ , ∂] = [i∂¯ϕ, ∂] = L1,0∂¯ϕ.

The following local computation will be useful:
Lemma 3.4. For any t ∈ ∆N , let ∂¯t be the Dolbeault operator on Xt. Set ξα :=
iψdz
α = ∂z
α
∂wi
∂wi
∂zβ
dzβ and ηα := iψdz¯
α = ∂z¯
α
∂wi
∂wi
∂zβ
dzβ . Then we have
ρ−1∂¯tρdz
α = ∂φαβ ∧ ξ¯β.
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Proof. It follows from Proposition 2.3, 2.4 and (2.2) that:
ρ−1∂¯tρdz
α = ρ−1∂¯t(1 + iφ)dz
α
= ρ−1∂¯t
(
∂w
∂z
)−1
αi
dwi
= ρ−1[
∂
∂w¯j
(
∂w
∂z
)−1
αi
]dw¯j ∧ dwi
= [
∂
∂w¯j
(
∂w
∂z
)−1
αi
](iψ¯dw¯
j) ∧ (iψdwi)
= [
∂
∂w¯j
(
∂w
∂z
)−1
αi
]
∂w¯j
∂z¯ν
∂wi
∂zτ
dz¯ν ∧ dzτ
= −[ ∂
∂w¯j
∂wi
∂zτ
]
∂w¯j
∂z¯ν
(
∂w
∂z
)−1
αi
dz¯ν ∧ dzτ
= −[ ∂
∂zβ
∂wi
∂zτ
η¯β +
∂
∂z¯β
∂wi
∂zτ
ξ¯β]
(
∂w
∂z
)−1
αi
∧ dzτ
=
(
∂w
∂z
)−1
αi
[∂
(
∂wi
∂zβ
)
∧ η¯β + ∂
(
∂wi
∂z¯β
)
∧ ξ¯β ] := A.
We note that
(3.3) η¯α =
(
∂w
∂z
)−1
αj
∂wj
∂zγ
∂zγ
∂w¯i
∂w¯i
∂z¯β
dz¯β = −
(
∂w
∂z
)−1
αj
∂wj
∂z¯γ
∂z¯γ
∂w¯i
∂w¯i
∂z¯β
dz¯β = −φαβ ξ¯β,
and so
(3.4) ∂
(
∂wi
∂zβ
η¯β
)
= −∂
(
∂wi
∂z¯γ
ξ¯γ
)
= −∂
(
∂wi
∂z¯γ
)
∧ ξ¯γ − ∂w
i
∂z¯γ
∂ξ¯γ .
It follows form (3.4) that
ρ−1∂¯tρdz
α = A = −
(
∂w
∂z
)−1
αi
[
∂wi
∂zβ
∂η¯β +
∂wi
∂z¯γ
∂ξ¯γ ]
= −∂η¯β − φαγ∂ξ¯γ
= ∂φαβ ∧ ξ¯β.

Remark 3.5. Similar computation shows that
(3.5) ρ−1∂¯tρdz¯
α = −∂¯φ¯αβ ∧ φβγ ξ¯γ +
(
∂w
∂z
)−1
αi
∂¯
(
∂w¯i
∂z¯γ
)
(ξ¯γ − φ¯γβφβδ ξ¯δ).
Now we derive explicit formulas for ρ−1∂¯tρ and ρ
−1∂tρ:
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Theorem 3.6. Let d = ∂ + ∂¯ = ∂t + ∂¯t, where ∂¯ and ∂¯t are the Dolbeault operator
on X0 and Xt, respectively. Set ξ
α := iψdz
α = ∂z
α
∂wi
∂wi
∂zβ
dzβ and ηα := iψdz¯
α =
∂z¯α
∂wi
∂wi
∂zβ
dzβ. Then we have
(3.6) ρ−1∂¯tρ = L0,1ξ¯α∂¯α − L
1,0
φα
β
ξ¯β∂α
− iφα
β
∂ξ¯β∂α
+ iµ,
(3.7) ρ−1∂tρ = L1,0ξα∂α − L
0,1
φ¯α
β
ξβ ∂¯α
− iφ¯α
β
∂¯ξβ ∂¯α
+ iµ¯,
where µ ∈ A0,2(X0, T 0,1).
Remark 3.7. Since ξα transform as a (1, 0)-form under coordinate transformation of
X0, it can be checked easily that the three vector forms ξ¯
α∂¯α, φ
α
β ξ¯
β∂α and φ
α
β∂ξ¯
β∂α
are all globally defined and independent of the coordinates chosen.
Proof. We only need to prove (3.6), since (3.7) is the complex conjugation of (3.6).
First, by Lemma 3.1, we know that ρ−1∂¯tρ is a bigraded derivation of bidegree (0, 1).
We claim that ρ−1∂¯tρ − L0,1ξ¯α∂¯α + L
1,0
φα
β
ξ¯β∂α
is an algebraic derivation. Indeed, ∀f ∈
A0(X0), we have
(ρ−1∂¯tρ−L0,1ξ¯α∂¯α + L
1,0
φα
β
ξ¯β∂α
)f
=
∂f
∂w¯i
∂w¯i
∂z¯α
dz¯α − ∂f
∂z¯α
ξ¯α + φαβ
∂f
∂zα
ξ¯β
=(
∂f
∂zβ
∂zβ
∂w¯i
+
∂f
∂z¯β
∂z¯β
∂w¯i
)
∂w¯i
∂z¯α
dz¯α − ∂f
∂z¯α
∂z¯α
∂w¯i
∂w¯i
∂z¯γ
dz¯γ − ∂f
∂zα
∂zα
∂w¯i
∂w¯i
∂z¯γ
dz¯γ = 0,
where we have used the fact η¯α = −φαβ ξ¯β (see the proof of Lemma 3.4). Then the
derivation ρ−1∂¯tρ − L0,1ξ¯α∂¯α + L
1,0
φα
β
ξ¯β∂α
+ iφα
β
∂ξ¯β∂α
is also algebraic and must be of the
form iµ for some µ ∈ A2(X0, TX0). We are left to show that µ ∈ A0,2(X0, T 0,1).
Indeed, by Lemma 3.4, we have
iµdz
α = (ρ−1∂¯tρ− L0,1ξ¯α∂¯α + L
1,0
φα
β
ξ¯β∂α
+ iφα
β
∂ξ¯β∂α
)dzα
= ∂φαβ ∧ ξ¯β − ∂(φαβ ξ¯β) + φαβ∂ξ¯β = 0.

Remark 3.8. By using (3.5), one can show that locally
µ = [−∂¯φ¯αβ ∧ φβγ ξ¯γ +
(
∂w¯
∂z¯
)−1
αi
∂¯
(
∂w¯i
∂z¯γ
)
(ξ¯γ − φ¯γβφβδ ξ¯δ) + ∂¯ξ¯α]∂¯α.
It can be checked that the vector form on the right hand side does not depend on the
coordinates z1, · · · , zn on X0. But unfortunately, it does depend on the coordinates
w1, · · · , wn on Xt.
Remark 3.9. This Theorem was previously proved by using (3.1). Namely, we first
determine K1 and L1 in ρ
−1∂ρ = LK1 + iL1 by using the property that ρ−1∂ρ−LK1
is algebraic and [ρ−1∂ρ − iL1 , d] = 0. Similarly, we compute K2 and L2 in ρ−1∂¯ρ =
LK2 + iL2 . Then since ρ−1∂ρ + ρ−1∂¯ρ = ρ−1dρ = ρ−1∂tρ + ρ−1∂¯tρ is an equality of
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bigraded derivations on A(X0), decompose each term in the left hand side according
to their bidegrees and we will get the desired results.
3.3. The case of tensor products of holomorphic exterior bundle. Let π :
X → ∆k be an analytic family of compact complex manifolds of dimension n over
the unit polydisc ∆k in Ck with fiber Xt = π
−1(t), where t = (t1, · · · , tk) ∈ ∆k. Set
Et := Ω
p1
Xt
⊗ · · · ⊗ ΩpmXt , ∀t ∈ ∆k, where Ω
p
Xt
:= ∧pT ∗1,0Xt . Given a smooth global
section σ of the bundle ∧qT ∗0,1X0 ⊗ E0, i.e. σ ∈ A0,q(X0, E0), locally we can write
σ = ϕα1···αm⊗ eα1 ⊗· · ·⊗ eαm , where {eαi} are local smooth frame of ∧piT ∗1,0X0 = Ω
pi
X0
,
i = 1, · · · ,m, and ϕα1···αm are (0, q)-forms. The extension operator ρ˜ can be similarly
defined in this case:
ρ˜ : A0,q(X0, E0)→ A0,q(Xt, Et),
σ = ϕα1···αm ⊗ eα1 ⊗ · · · ⊗ eαm 7→ ρϕα1···αm ⊗ ρeα1 ⊗ · · · ⊗ ρeαm .
It can be checked easily that ρ˜ : A0,q(X0, E0)→ A0,q(Xt, Et) is a well-defined operator.
3.3.1. Operators on tensor products. Let E be a holomorphic vector bundle on X =
X0, the Dolbeault operator ∂¯ can be naturally defined on A
0,q(X,E) such that
∂¯ : A0,q(X,E)→ A0,q+1(X,E).
In fact, given s ∈ A0,q(X,E), we can write s = sαeα in terms of a holomorphic frame
{eα}, and define
(3.8) ∂¯s := ∂¯sα ⊗ eα.
It can be checked that this definition does not depend on the holomorphic frame
chosen [GH94]. If we write s = s′αe
′
α where {e′α} is merely a smooth frame, then we
would have
∂¯s = ∂¯s′α ⊗ e′α + (−1)qs′α ⊗ ∂¯e′α,
where ∂¯e′α is defined by (3.8). Motivated by this observation, we now extend the
definition of the operators in previous sections to holomorphic tensor bundles and
prove a bundle version of Theorem 3.6. Consider the Lie derivative L0,1K ∈ D0,1(X0),
where K ∈ A0,1(X0, T 0,1X0 ). Given σ ∈ A0,q(X0, E0), locally we write σ = ϕα1···αm ⊗
eα1 ⊗ · · · ⊗ eαm as above and define L˜0,1K : A0,q(X0, E0)→ A0,q+1(X0, E0) by
(3.9)
L˜0,1K σ = L0,1K ϕα1···αm⊗eα1⊗· · ·⊗eαm+(−1)q
m∑
i=1
ϕα1···αm⊗eα1⊗· · ·⊗L0,1K eαi⊗· · ·⊗eαm .
Lemma 3.10. L˜0,1K : A0,q(X0, E0)→ A0,q+1(X0, E0) is a well-defined global operator.
Proof. We will only prove this in the case E0 = K
2
X0
, where KX0 is the canonical
line bundle on X0, because the general case are essentially the same. Indeed, let
σ ∈ A0,q(X0,K2X0), locally we write σ = ϕ ⊗ e ⊗ e in terms of the local frame e of
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KX0 . Let e
′ be another local frame and e = ge′ where g is a nonvanishing smooth
function, then if σ = ϕ′ ⊗ e′ ⊗ e′, we have ϕ′ = g2ϕ and
L˜0,1K (ϕ ⊗ e⊗ e)
=L0,1K ϕ⊗ e⊗ e+ (−1)q(ϕ⊗ L0,1K e⊗ e+ ϕ⊗ e⊗ L0,1K e)
=− 21
g
L0,1K g ∧ ϕ′ ⊗ e′ ⊗ e′ + L0,1K ϕ′ ⊗ e′ ⊗ e′+
(−1)q[ 1
g
ϕ′ ⊗ (L0,1K g ⊗ e′ + gL0,1K e′)⊗ e′ +
1
g
ϕ′ ⊗ e′ ⊗ (L0,1K g ⊗ e′ + gL0,1K e′)]
=− 21
g
L0,1K g ∧ ϕ′ ⊗ e′ ⊗ e′ + L0,1K ϕ′ ⊗ e′ ⊗ e′+
(−1)q[ 2
g
ϕ′ ∧ L0,1K g ⊗ e′ ⊗ e′ + ϕ′ ⊗ L0,1K e′ ⊗ e′ + ϕ′ ⊗ e′ ⊗ L0,1K e′]
=L0,1K ϕ′ ⊗ e′ ⊗ e′ + (−1)q(ϕ′ ⊗ L0,1K e′ ⊗ e′ + ϕ′ ⊗ e′ ⊗ L0,1K e′).
This shows that the definition of L˜0,1K does not dependent on the local frame chosen.

For K ∈ A0,1(X0, T 1,0X0 ) and L ∈ A1,1(X0, T
1,0
X0
) or L ∈ A0,2(X0, T 0,1X0 ), we define the
operators L˜1,0K , IL : A0,q(X0, E0) → A0,q+1(X0, E0) in the same way2 as in (3.9). In
other words, we have
L˜1,0K σ =L1,0K ϕα1···αm ⊗ eα1 ⊗ · · · ⊗ eαm+
(−1)q
m∑
i=1
ϕα1···αm ⊗ eα1 ⊗ · · · ⊗ L1,0K eαi ⊗ · · · ⊗ eαm ,
ILσ =iLϕα1···αm ⊗ eα1 ⊗ · · · ⊗ eαm+
(−1)q
m∑
i=1
ϕα1···αm ⊗ eα1 ⊗ · · · ⊗ iLeαi ⊗ · · · ⊗ eαm .
It can be checked similarly as above that L˜1,0K , IL : A0,q(X0, E0)→ A0,q+1(X0, E0) are
well-defined global operators.
Theorem 3.11. Let ∂¯ and ∂¯t be the Dolbeault operator on E0 and Et, respectively.
Then we have
(3.10) ρ˜−1∂¯tρ˜ = L˜0,1ξ¯α∂¯α − L˜
1,0
φα
β
ξ¯β∂α
− Iφα
β
∂ξ¯β∂α
+ Iµ.
For σ ∈ A0(X0, E0), ρ˜σ ∈ A0(Xt, Et) is ∂¯t-closed if and only if
(3.11) (∂¯ − L˜1,0φ )σ = 0.
2In the case L ∈ A0,2(X0, T
0,1
X0
), since E0 = Ω
p1
X0
⊗ · · · ⊗ ΩpmX0 , we have IL = iL, that is, IL acts
only on the coefficients of E-valued forms.
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Proof. Given σ ∈ A0,q(X0, E0), locally we write σ = ϕα1···αm ⊗ eα1 ⊗ · · · ⊗ eαm , then
we have
ρ˜−1∂¯tρ˜σ
=ρ˜−1∂¯t(ρϕα1···αm ⊗ ρeα1 ⊗ · · · ⊗ ρeαm)
=ρ−1∂¯tρϕα1···αm ⊗ eα1 ⊗ · · · ⊗ eαm+
(−1)q
m∑
i=1
ϕα1···αm ⊗ eα1 ⊗ · · · ⊗ ρ−1∂¯tρeαi ⊗ · · · ⊗ eαm
=(L0,1
ξ¯α∂¯α
− L1,0
φα
β
ξ¯β∂α
− iφα
β
∂ξ¯β∂α
+ iµ)ϕα1···αm ⊗ eα1 ⊗ · · · ⊗ eαm+
(−1)q
m∑
i=1
ϕα1···αm ⊗ eα1 ⊗ · · · ⊗ (L0,1ξ¯α∂¯α − L
1,0
φα
β
ξ¯β∂α
− iφα
β
∂ξ¯β∂α
+ iµ)eαi ⊗ · · · ⊗ eαm
= (L˜0,1
ξ¯α∂¯α
− L˜1,0
φα
β
ξ¯β∂α
− Iφα
β
∂ξ¯β∂α
+ Iµ)σ.
As for the second assertion, we assume for simplicity that the holomorphic tensor
bundle E0 is the pluricanonical bundle K
m
X0
(the general case can be proved in the
same way). So let σ ∈ A0(X0,KmX0), locally we can write σ = ϕ ⊗ e ⊗ · · · ⊗ e where
e = dz1 ∧ · · · ∧ dzn. Then direct computation shows that
ρ˜−1∂¯tρ˜σ
=(L0,1
ξ¯α∂¯α
−L1,0
φα
β
ξ¯β∂α
− iφα
β
∂ξ¯β∂α
+ iµ)ϕ⊗ e⊗ · · · ⊗ e+
m∑
i=1
ϕ⊗ e⊗ · · · ⊗ (L0,1
ξ¯α∂¯α
− L1,0
φα
β
ξ¯β∂α
− iφα
β
∂ξ¯β∂α
+ iµ)
i th︷︸︸︷
e ⊗ · · · ⊗ e
=(iξ¯α∂¯α ∂¯ − iφαβ ξ¯β∂α∂)ϕ⊗ · · · ⊗ e+
m∑
i=1
ϕ⊗ e⊗ · · · ⊗ (−∂¯iξ¯α∂¯α + ∂iφαβ ξ¯β∂α − iφαβ∂ξ¯β∂α)
i th︷︸︸︷
e ⊗ · · · ⊗ e
=(ξ¯α
∂ϕ
∂z¯α
− ξ¯βφαβ
∂ϕ
∂zα
)⊗ e⊗ · · · ⊗ e−mξ¯β ∂φ
α
β
∂zα
ϕ⊗ e⊗ · · · ⊗ e.
But we note that
(∂¯ − L˜1,0φ )σ =(dz¯α
∂ϕ
∂z¯α
− dz¯βφαβ
∂ϕ
∂zα
)⊗ e⊗ · · · ⊗ e−mdz¯β ∂φ
α
β
∂zα
ϕ⊗ e⊗ · · · ⊗ e.
Since ξ¯α = ∂z¯
α
∂w¯i
∂w¯i
∂z¯β
dz¯β and matrix
(
∂z¯α
∂w¯i
∂w¯i
∂z¯β
)
is nonsingular, we see that ρ˜−1∂¯tρ˜σ = 0
if and only if (∂¯ − L˜1,0φ )σ = 0. 
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Remark 3.12. Notice that we do not need an analytic family of complex manifolds in
applying Theorem 3.11, all we need is a complex manifoldX and its small deformation
Xt whose complex structure is represented by a Beltrami differential φ ∈ A0,1(X,T 1,0X ).
3.4. The case of holomorphic tangent bundle. Now since
∂
∂zα
=
∂wi
∂zα
∂
∂wi
+
∂w¯i
∂zα
∂
∂w¯i
,
we define the extension operator, still denoted by ρ by abuse of notations, as follows
ρ : A0,q(X0, T
1,0
X )→ A0,q(Xt, T 1,0Xt ),
ϕ = ϕα
∂
∂zα
7→ eiφ¯ϕα ⊗ ∂w
i
∂zα
∂
∂wi
,
where ϕα are local (0, q)-forms on X. It follows from the definition of ρ that
(3.12) ρ−1(
∂
∂wi
) =
(
∂w
∂z
)−1
αi
∂
∂zα
and ρ−1(dw¯i) =
∂w¯i
∂z¯α
dz¯α.
From the definition of the Beltrami differential (2.1), it is easy to see that for any
smooth function f on X,
(3.13)
∂f
∂w¯i
= (
∂f
∂z¯γ
− φβγ
∂f
∂zβ
)
∂z¯γ
∂w¯i
.
Similar to Lemma 3.4, we have the following
Lemma 3.13. For any t ∈ ∆N , let ∂¯t be the Dolbeault operator on Xt. Set ξα :=
iψdz
α = ∂z
α
∂wi
∂wi
∂zβ
dzβ and ηα := iψdz¯
α = ∂z¯
α
∂wi
∂wi
∂zβ
dzβ . Then
ρ−1∂¯tρ
∂
∂zα
=
∂φγβ
∂zα
ξ¯β ⊗ ∂
∂zγ
.
Proof. It follows from (3.12) and (3.13) that:
ρ−1∂¯tρ
∂
∂zα
= ρ−1∂¯t
∂wi
∂zα
∂
∂wi
= ρ−1
∂
∂w¯j
∂wi
∂zα
dw¯j ⊗ ∂
∂wi
=
∂
∂w¯j
∂wi
∂zα
∂w¯j
∂z¯γ
dz¯γ ⊗
(
∂w
∂z
)−1
αi
∂
∂zα
= (
∂
∂z¯β
∂wi
∂zα
− φγβ
∂
∂zγ
∂wi
∂zα
)
∂z¯β
∂w¯j
∂w¯j
∂z¯γ
dz¯γ ⊗
(
∂w
∂z
)−1
αi
∂
∂zα
= [
∂
∂zα
(
∂wi
∂z¯β
− φγβ
∂wi
∂zγ
) +
∂φγβ
∂zα
∂wi
∂zγ
]ξ¯β ⊗
(
∂w
∂z
)−1
αi
∂
∂zα
=
∂φγβ
∂zα
ξ¯β ⊗ ∂
∂zγ
.

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Theorem 3.14. Let ∂¯ and ∂¯t be the Dolbeault operator on X and Xt, respectively.
Then we have
(3.14) ρ−1∂¯tρ = iξ¯(∂¯ − [φ, ·]), on A0(X,T 1,0X ).
In particular, for σ ∈ A0(X,T 1,0X ), ρσ ∈ A0(Xt, T 1,0Xt ) is ∂¯t-closed if and only if
(3.15) ∂¯σ − [φ, σ] = 0,
where [·, ·] is the Fro¨licher-Nijenhuis bracket.
Proof. Given σ ∈ A0(X,T 1,0X ), locally we write σ = σα ∂∂zα , then by using (3.12) and
Lemma 3.13 we have
ρ−1∂¯tρσα
∂
∂zα
= ρ−1∂¯tρσα ⊗ ∂
∂zα
+ σαρ
−1∂¯tρ
∂
∂zα
= ρ−1
∂σα
∂w¯i
dw¯i ⊗ ∂
∂zα
+ σα
∂φγβ
∂zα
ξ¯β ⊗ ∂
∂zγ
=
∂σα
∂w¯i
∂w¯i
∂z¯γ
dz¯γ ⊗ ∂
∂zα
+ σα
∂φγβ
∂zα
ξ¯β ⊗ ∂
∂zγ
=
∂σα
∂zβ
ξ¯β ⊗ ∂
∂zα
+
∂σα
∂z¯β
η¯β + σα
∂φγβ
∂zα
ξ¯β ⊗ ∂
∂zγ
= (
∂σα
∂z¯β
− φγβ
∂σα
∂zγ
)ξ¯β ⊗ ∂
∂zα
+ σα
∂φγβ
∂zα
ξ¯β ⊗ ∂
∂zγ
=
∂σα
∂z¯β
ξ¯β ⊗ ∂
∂zα
− (φγβ
∂στ
∂zγ
− σα
∂φτβ
∂zα
)ξ¯β ⊗ ∂
∂zτ
= iξ¯(∂¯ − [φ, ·])σ.

3.5. The case of general holomorphic tensor bundle.
Definition 3.15. By a holomorphic tensor bundle on a complex manifoldX, we mean
a holomorphic vector bundle formed by the tensor products or exterior products from
the tangent bundle T 1,0X and its dual ΩX = T
1,0∗
X .
In previous subsections, we have derived extension equations for two special kinds
of holomorphic tensor bundles. In this subsection, we will show that it is possible to
integrate these extension equations to get a general form of extension equation which
works for arbitrary holomorphic tensor bundles. First, the extension operator can
be defined for any holomorphic tensor bundle E, e.g., if E = T 1,0X ∧ (T 1,0X ⊗ ΩpX), we
define the extension operator, still denoted by ρ by abuse of notations, as follows
ρ : A0,q(X,E)→ A0,q(Xt, Et),
σ = σαβγ
∂
∂zα
∧ ( ∂
∂zβ
⊗ sγ) 7→ eiφ¯σαβγ ∂w
i
∂zα
∂
∂wi
∧ (∂w
j
∂zβ
∂
∂wj
⊗ eiφsγ),
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where σαβγ are local (0, q)-forms and s
γ are local frame of ΩpX . The extension operator
for general holomorphic tensor bundle is defined in a similar way. As a result, we get
the following commutative diagram
A0,q(X,E)
ρ−1∂¯tρ

ρ
// A0,q(Xt, Et)
∂¯t

A0,q+1(X,E)
ρ
// A0,q+1(Xt, Et) ,
where Et is the corresponding holomorphic tensor bundle on Xt.
Let φ ∈ A0,k(X,T 1,0X ), we define a operator 〈φ| as follows:
(3.16) 〈φ| =
{
[φ, ·], on A0,•(X,T 1,0X ),
L1,0φ , on A0,•(X,ΩX).
It follows directly form the definition of the Fro¨licher-Nijenhuis bracket that for any
ϕ ∈ A0,p(X), we have
(3.17) [φ,ϕ ∧ σ] = L1,0φ ϕ+ (−1)pϕ ∧ [φ, σ].
Hence, by letting the operator 〈φ| satisfy the Leibnitz’s rule (as in (3.9)), we get a
natural paring
〈·|·〉 : A0,k(X,T 1,0X )×A0,q(X,E) −→A0,q+k(X,E),
(φ, σ) 7−→〈φ|σ〉.
We remark that by Leibnitz’s rule, to show the paring 〈·|·〉 satisfy some property it is
enough to prove this when E = T 1,0X or E = ΩX . For example, let φ ∈ A0,k(X,T 1,0X )
and ψ ∈ A0,l(X,T 1,0X ), it follows from Lemma 3.3, (1) that
(3.18) [〈φ|, 〈ψ|] = 〈φ|〈ψ| − (−1)kl〈ψ|〈φ| = 〈[φ,ψ]|,
or
(3.19) 〈φ|〈ψ|σ〉〉 = 〈[φ,ψ]|σ〉 + (−1)kl〈ψ|〈φ|σ〉〉, ∀σ ∈ A0,•(X,E).
In particular, for φ ∈ A0,1(X,T 1,0X ), we have
(3.20) 〈φ|〈φ|σ〉〉 = 1
2
〈[φ, φ]|σ〉, ∀σ ∈ A0,•(X,E).
Theorem 3.16. Let ∂¯ and ∂¯t be the Dolbeault operator on X and Xt, respectively.
Then we have
(3.21) ρ−1∂¯tρ = iξ¯ ( ∂¯ − 〈φ| ), on A0(X,E).
In particular, for σ ∈ A0(X,E), ρσ ∈ A0(Xt, Et) is ∂¯t-closed if and only if
(3.22) ∂¯σ − 〈φ|σ〉 = 0.
Proof. This follows immediately from the proofs of Theorem 3.11 and Theorem 3.14.

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Remark 3.17. Let P : A0,q(X,E) → A0,q(Xt, Et) be the operator induced by pro-
jection [Ham77, Hua95], for example,
P
∂
∂zα
=
∂wi
∂zα
∂
∂wi
, Pdzα =
∂zα
∂wi
dwi , Pdz¯α =
∂z¯α
∂w¯i
dw¯i .
In [Ham77, Hua95], it was ”proved” that
(3.23) P−1∂¯tP =
{
∂¯ − [φ, ·], on A0,q(X,T 1,0X ),
∂¯ − L1,0φ , on A0,q(X).
In fact, it can be checked as Lemma 3.13 that (3.23) holds when q = 0. But we will
see that (3.23) does not hold in general when q = 1. We consider the case A0,q(X).
We have
(∂¯ − L1,0φ )dz¯α = 0
and
P−1∂¯tPdz¯
α = P−1∂¯t
∂z¯α
∂w¯i
dw¯i = P−1
∂
∂w¯j
∂z¯α
∂w¯i
dw¯j ∧ dw¯i,
therefore, (3.23) holds for q = 1 if and only if
∂2z¯α
∂w¯j∂w¯i
= 0, ∀ α, i, j ,
where z1, · · · , zn and w1, · · · , wn are holomorphic coordinates on X0 and Xt, respec-
tively.
It can be checked that iK = P
−1∂¯tP − (∂¯ − L1,0φ ) is an algebraic derivation of
bidegree (0, 1) on A(X). Write K = K1,0 + K0,1 ∈ A1,1(X,T 1,0X ) ⊕ A0,2(X,T 0,1X ), it
seems that both K1,0 and K0,1 can be nonzero in general.
4. DGLA-module and Extension isomorphism
4.1. DGLA-module. Recall that [Man04] a differential graded Lie algebra (DGLA
for short) is the data consists of a Z-graded vector space L = ⊕i∈ZLi together with
a bilinear bracket [·, ·] : L × L → L, and a linear map d : L → L such that 1.
[Li, Lj ] ⊂ Li+j and [a, b] = −(−1)ij [b, a], if a ∈ Li, b ∈ Lj; 2. graded Jacobi identity:
[a, [b, c]] = [[a, b], c] + (−1)ij [b, [a, c]], ∀a ∈ Li, b ∈ Lj; 3. dLi ⊂ Li+1, d2 = d ◦ d = 0,
and d[a, b] = [da, b] + (−1)i[a, db],∀a ∈ Li. We will denote a DGLA by (L, d, [·, ·]).
Definition 4.1. [Gri65] Let (L, dL, [·, ·]) be a DGLA. By aDGLA-module over (L, dL, [·, ·])
we mean a complex (V, dV ) together with a bilinear paring
〈·, ·〉 : Li × V j −→ V i+j
such that
dV 〈a, x〉 = 〈dLa, x〉+ (−1)i〈a, dV x〉, ∀a ∈ Li, x ∈ V.
A DGLA-module will be denoted by (V, dV , 〈·, ·〉).
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Let X be a complex manifold and Xt a small deformation (of X) whose com-
plex structure is represented by a Beltrami differential φ ∈ A0,1(X,T 1,0X ). For any
holomorphic tensor bundle E on X, consider the following operator
∂¯φ := ∂¯ − 〈φ| : A0,•(X,E) −→ A0,•+1(X,E).
We have the following observation:
Proposition 4.2. ∂¯2φ = ∂¯φ ◦ ∂¯φ = 0 and ∀ϕ ∈ A0,k(X,T 1,0X ), σ ∈ A0,•(X,E),
(4.1) ∂¯φ〈ϕ|σ〉 = 〈∂¯φϕ|σ〉 + (−1)k〈ϕ|∂¯φσ〉, or [∂¯φ, 〈ϕ|] = 〈∂¯φϕ|.
In other words, (A0,•(X,E), ∂¯φ) is a complex and (A
0,•(X,E), ∂¯φ, 〈·|·〉) is a DGLA-
module over the Kodaira-Spencer DGLA (A0,•(X,T 1,0X ), ∂¯, [·, ·]).
Proof. For (4.1), by Leibnitz’s rule we only need to prove it for E = T 1,0X or E = ΩX .
Since ∂¯φ = ∂¯ − 〈φ| , in view of (3.18), it suffices to show [∂¯, 〈ϕ|] = 〈∂¯ϕ|. For
[∂¯, 〈ϕ|] = 〈∂¯ϕ|, the case E = T 1,0X is a standard fact while the case E = ΩX follows
from Lemma 3.3, (2). Given σ ∈ A0,•(X,E), we have
∂¯2φσ = ∂¯φ(∂¯σ − 〈φ|σ〉)
= −∂¯〈φ|σ〉 − 〈φ|∂¯σ〉+ 〈φ|〈φ|σ〉〉
= −〈∂¯φ|σ〉+ 1
2
〈[φ, φ]|σ〉
= 0,
where we have used (4.1), (3.20) and the Maurer-Cartan equation ∂¯φ = 12 [φ, φ]. 
The cohomology of the complex (A0,•(X,E), ∂¯φ) is denoted by
H0,q
∂¯φ
(X,E) :=
ker ∂¯φ ∩A0,q(X,E)
Im∂¯φ ∩A0,q(X,E)
,∀q ≥ 0,
and we call H0,q
∂¯φ
(X,E) the deformed Dolbeault cohomology group.
4.2. Extension isomorphism. In this subsection, we show that there is a natural
isomorphism between the cohomology of the complex (A0,•(X,E), ∂¯φ) and (A
0,•(Xt, Et), ∂¯t),
where Et is the corresponding holomorphic tensor bundle on Xt. First note that the
operator ∂¯φ = ∂¯ − 〈φ| on X corresponds to the Dolbeault operator ∂¯t on Xt and so
they share many of the same properties. We fix the following notations:
• Eφ := the sheaf of germs of ∂¯φ-closed sections of E ;
• A0,q(E) := the sheaf of germs of E-valued (0, q)-forms ;
• Et := the sheaf of germs of ∂¯t-closed sections of Et .
Let M be the underlying smooth manifold of X and Xt, then we can regard all these
as sheaves on the same manifold M . We have the following important observation:
Theorem 4.3. As sheaves on M , there is a canonical isomorphism
(4.2) Eφ
∼=−→ Et.
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Proof. For any open subset U of M , the canonical isomorphism is given by the ex-
tension operator
Eφ(U) −→ Et(U),
σU 7→ ρσU .

Theorem 4.4. The ∂¯φ-Poincare´ lemma holds, namely, there is a exact sequence of
sheaves:
(4.3) 0 // Eφ // A0,0(E)
∂¯φ
// A0,1(E)
∂¯φ
// A0,2(E)
∂¯φ
// · · · .
In particular, we have the deformed Dolbeault isomorphism
(4.4) Hq(M, Eφ) ∼= H0,q∂¯φ (X,E),
and the extension isomorphism
(4.5) H0,q
∂¯φ
(X,E) ∼= H0,q
∂¯t
(Xt, Et),∀q ≥ 0.
Proof. The ∂¯φ-Poincare´ lemma follows from the the ∂¯t-Poincare´ lemma. In fact, by
induction the general ∂¯φ-Poincare´ lemma can be reduced to the one variable case and
it suffices to prove it for (0, 1)-forms (see e.g. [Huy05, pp. 46]). Hence let ω be a
(0, 1)-form on an open subset U of X with dimX = 1 (in this case, we necessarily
have ∂¯φω = 0), we need to show that there is an open subset V ⊂ U and a function
f ∈ C∞(V ) such that ∂¯φf = ω. First by Theorem 3.16, we have for any f ∈ C∞(U),
∂¯φf = (iξ¯)
−1ρ−1∂¯tρf = (iξ¯)
−1ρ−1
∂f
∂w¯
dw¯ = (iξ¯)
−1 ∂f
∂w¯
∂w¯
∂z¯
dz¯ =
∂f
∂w¯
(
∂z¯
∂w¯
)−1
dz¯,
where w is local holomorphic coordinate on Xt. Write
ω = g
(
∂z¯
∂w¯
)−1
dz¯
for some function g ∈ C∞(U), then by ∂¯t-Poincare´ lemma, there is an open subset
V ⊂ U and a function f ∈ C∞(V ) such that ∂f
∂w¯
= g on V . Therefore ∂¯φf =
∂f
∂w¯
(
∂z¯
∂w¯
)−1
dz¯ = ω. The extension isomorphism follows from Theorem 4.3 and the
deformed Dolbeault isomorphism:
(4.6) H0,q
∂¯φ
(X,E) ∼= Hq(M, Eφ) ∼= Hq(M, Et) ∼= H0,q∂¯t (Xt, Et),∀q ≥ 0.

5. Deformations of holomorphic sections
In this section, we consider a special case of the deformations of Dolbeault coho-
mology classes, i.e. the deformations of holomorphic sections. Since we want to use
the power series method, we need to work with the Kuranishi family. But this will not
cause any restrictions because the Kuranishi family contains all small deformations
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of the given complex manifold. In this paper, we will basically follow the terminol-
ogy as given in [Cat13]. Thus a deformation of a compact complex space X is a
flat proper morphism ̟ : (Y, Ys0)→ (D, s0) between connected complex spaces with
Ys0 := ̟
−1(s0) ∼= X and a germ of deformation is called a small deformation. It is
also customary to call the fibers of ̟ small deformations of X. We will also employ
this convention frequently in this paper.
5.1. The Kuranishi family. Let X be a compact complex manifold equipped with
an auxiliary Hermitian metric. The Kuranishi family of X is the unique (up to
isomorphism) semiuniversal small deformation π : X → B with π−1(0) = X0 ∼= X,
where 0 ∈ B. The Kuranishi family π : (X ,X)→ (B, 0) can be constructed as follows:
Let η1, · · · , ηr be a basis of H0,1(X,Θ), where H0,1(X,Θ) ⊂ A0,1(X,Θ) is the
harmonic space of (0, 1)-forms with values in Θ, the holomorphic tangent bundle of
X, and r = dimH0,1(X,Θ) = dimH1(X,Θ). Let φ(t) =∑∞µ=1 φµ(t), where
φµ(t) =
∞∑
ν1+···+νr=µ
φν1···νrt
ν1
1 · · · tνrr ,
and each φν1···νr ∈ A0,1(X,Θ). It can be shown that the following equation
(5.1)
{
φ(t) = φ1(t) +
1
2 ∂¯
∗G[φ(t), φ(t)],
φ1(t) =
∑m
ν=1 ηνtν ,
has a unique power series solution φ(t) =
∑∞
µ=1 φµ(t) which converges for |t| small,
and the Maurer-Cartan equation
(5.2) ∂¯φ(t)− 1
2
[φ(t), φ(t)] = 0
is satisfied if and only if H[φ(t), φ(t)] = 0, where H : A0,2(X,Θ) → H0,2(X,Θ) is the
projection to harmonic space. For ǫ > 0 small, set
B := {t ∈ Cr : |t| < ǫ and H[φ(t), φ(t)] = 0}.
Note that the Kuranishi space B is a complex analytic subset around the origin in Cr
and 0 ∈ B since φ(0) = 0 . We can put a natural complex analytic space structure X
on X×B such that 1. π : X → B is a flat proper morphism between complex analytic
spaces; 2. each fiber Xt = π
−1(t) is the complex manifold obtained by endowing Xt
with the complex structure defined by φ(t) and X0 = X. For more information about
the Kuranishi family, we refer the reader to [Cat88, Cat13, Bal10, MK71].
In this section and the following sections, we will make the following convention on
our notations. Let π : (X ,X) → (B, 0) be the Kuranishi family of X, we will denote
a holomorphic tensor bundle on X by E and for any t ∈ B, Et is the corresponding
holomorphic tensor bundle on on Xt = π
−1(t).
5.2. The case H1(X,E) = 0. We will use the following basic estimate:
Lemma 5.1. [MK71, pp. 160] Let ϕ ∈ A0,q(X,E) and G : A0,q(X,E) → A0,q(X,E)
be the Green operator, then for k ≥ 2 we have
(5.3) ‖Gϕ‖k+α ≤ C‖ϕ‖k−2+α,
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where C > 0 is independent of ϕ and ‖ · ‖k+α is the Ho¨lder norm.
Theorem 5.2. Let X be a compact complex manifold and π : X → B be the Kuranishi
family of X with π−1(0) = X0 = X. Assume that H
1(X,E) = 0. Then given
any σ0 ∈ H0(X,E), there exists a canonical family of holomorphic sections given by
ρσ(t) ∈ H0(Xt, Et),∀t ∈ B such that σ(0) = σ0, σ(t) =
∑∞
k1,··· ,kr
σk1···krt
k1
1 · · · tkrr =∑
k σkt
k and
(5.4) ∀k = (k1, · · · , kr) 6= 0, σk = ∂¯∗G
∑
i+j=k
〈φj |σi〉 ∈ A0(X,E).
Proof. The proof of this Theorem will be consist of three parts: existence, convergence
and regularity.
Existence: given σ0 ∈ H0(X,E), we want to find a power series σ(t) =
∑
k≥0 σkt
k
such that ρσ(t) ∈ A0(Xt, Et) is ∂¯t-closed which by Theorem 3.16 is equivalent to
(5.5) (∂¯ − 〈φ|)σ(t) = 0 .
Since φ = φ(t) =
∑∞
µ=1 φµ(t) is a power series in t, by decomposing 〈φ| = 〈φ(t)|
and σ(t) according to their degrees in t, (5.5) is reduced to the following system of
equations (for simplicity, we assume r = 1) :
(5.6)
{
∂¯σk =
∑k
j=1〈φj |σk−j〉, k > 0,
∂¯σ0 = 0.
We will solve (5.6) by induction. Indeed, for k = 0, (5.6) already has a solution σ0. We
therefore assume (5.6) can be solved for k < N and our aim is to find σN ∈ A0(X,E)
such that
(5.7) ∂¯σN =
N∑
j=1
〈φj |σN−j〉.
This equation can be solved by using Hodge theory after we have checked that
(5.8) ∂¯
N∑
j=1
〈φj |σN−j〉 = 0.
In fact, if (5.8) holds , then by Hodge theory, we have
(5.9)
N∑
j=1
〈φj |σN−j〉 = H
N∑
j=1
〈φj |σN−j〉+ ∂¯∂¯∗G
N∑
j=1
〈φj |σN−j〉,
where H : A0,1(X,E) → H1(X,E) is the projection to harmonic space and G :
A0,1(X,E) → A0,1(X,E) is the Green operator. But our assumption H1(X,E) = 0
implies H∑Nj=1〈φj |σN−j〉 = 0. Hence we find a canonical solution of (5.7) given by
(5.10) σN = ∂¯
∗G
N∑
j=1
〈φj |σN−j〉.
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Now we check (5.8). Note that the Maurer-Cartan equation (5.2) is now reduced to
(5.11) ∂¯φk =
1
2
k∑
j=1
[φj , φk−j ], ∀k > 0.
By (4.1),(3.19), (5.6) and (5.11), we have
∂¯
N∑
j=1
〈φj |σN−j〉
=
N∑
j=1
(−〈φj |∂¯σN−j〉+ 〈∂¯φj |σN−j〉)
=
N∑
j=1
(
−〈φj |
N−j∑
i=1
〈φi|σN−j−i〉+ 1
2
〈
j∑
i=1
[φi, φj−i]|σN−j〉
)
=−
N∑
j=1
N−j∑
i=1
〈φj |〈φi|σN−j−i〉〉+ 1
2

 N∑
j=1
j∑
i=1
〈φi|〈φj−i|σN−j〉〉+
N∑
j=1
j∑
i=1
〈φj−i|〈φi|σN−j〉〉


=−
∑
i+j+k=N
〈φi|〈φj |σk〉〉+ 1
2
( ∑
a+b+c=N
〈φa|〈φb|σc〉〉+
∑
r+s+t=N
〈φr|〈φs|σt〉〉
)
=0.
The proof of existence is complete.
Convergence: we note that for any ψ ∈ A0,1(X,Θ), σ ∈ A0(X,E) and ϕ ∈
A1(X,E), it follows from the definition of Ho¨lder norm ‖ · ‖k+α that
(5.12) ‖〈ψ|σ〉‖k+α ≤ C1‖ψ‖k+1+α‖σ‖k+1+α,
and
(5.13) ‖∂¯∗ϕ‖k+α ≤ C2‖ϕ‖k+1+α,
where C1 is independent of ψ, σ and C2 > 0 is independent of ϕ. It follows from
Lemma 5.1 that
(5.14) ‖σj‖k+α = ‖∂¯∗G
∑
a+b=j
〈φa|σb〉‖k+α ≤ C2CC1
∑
a+b=j
‖φa‖k+α‖σb‖k+α.
Then the convergence of σ(t) =
∑
j≥0 σjt
j follows from a standard argument [MK71,
Kod86] which we omit.
Regularity: from the convergence of σ(t) =
∑
j≥0 σjt
j in the Ho¨lder norm ‖ · ‖k+α
for k ≥ 2 we know that σ(t) is at least C2 on X. The smoothness of σ(t) follows from
the hypoellipticity of the operator ∂¯t. Indeed, ρσ(t) is a harmonic section since it is
both ∂¯t-closed and ∂¯
∗
t -closed.

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Remark 5.3. The reason that we restrict ourself to the study of deformations of
holomorphic sections for the Kuranishi family is that in this case the Beltrami dif-
ferential is given canonically by φ(t) = φkt
k with φk =
1
2 ∂¯
∗G
∑
i+j=k[φi, φj ] and
we really need to use this canonical form of φ(t) in the proof of the convergence of
σ(t) =
∑
j σjt
j. Note also that for any given σ0 ∈ H0(X,E) and t ∈ B, the power se-
ries σ(t) =
∑
k σkt
k given by σk = ∂¯
∗G
∑
i+j=k〈φj |σi〉 always converges even without
the condition H1(X,E) = 0.
6. Deformation of Dolbeault cohomology classes
Let π : (X ,X) → (B, 0) be the Kuranishi family of X such that for each t ∈ B
the complex structure on Xt is represented by Beltrami differential φ(t) and E be a
holomorphic tensor bundle on X.
6.1. The case Hq+1(X,E) = 0. Following [MK71, pp. 161-165], we first show the
following
Proposition 6.1. 1. ∀σ ∈ A0,q(X,E), if ∂¯φσ = ∂¯σ − 〈φ|σ〉 = 0 and ∂¯∗σ = 0, then
we must have
σ = Hσ + ∂¯∗G〈φ|σ〉,
where H : A0,q(X,E)→ H0,q(X,E) is the projection operator to harmonic space.
2. The equation
(6.1) σ = σ0 + ∂¯
∗G〈φ(t)|σ〉, with σ0 ∈ H0,q(X,E),
has a unique (formal) power series solution σ = σ(t) =
∑
k σkt
k ∈ A0,q(X,E) which
converges for |t| small, where σk ∈ A0,q(X,E).
Proof. The first assertion follows from the Hodge decomposition:
σ = Hσ +G∂¯∗∂¯σ +G∂¯∂¯∗σ = Hσ +G∂¯∗〈φ|σ〉 .
For the second assertion, substitute σ = σ(t) =
∑
k σkt
k in (6.1), we have (for sim-
plicity, we assume r = 1)
(6.2)


σ1 = ∂¯
∗G〈φ1|σ0〉,
σ2 = ∂¯
∗G(〈φ2|σ0〉+ 〈φ1|σ1〉),
· · · ,
σk = ∂¯
∗G
∑
i+j=k〈φi|σj〉, ∀k > 0.
For the convergence of σ(t), we note that
(6.3) ‖σj‖k+α = ‖∂¯∗G
∑
a+b=j
〈φa|σb〉‖k+α ≤ C
∑
a+b=j
‖φa‖k+α‖σb‖k+α,
for some constant C depends only on k and α. 
Proposition 6.2. Let σ be a solution of the equation (6.1) in Proposition 6.1. Then
∀t ∈ B, we have
∂¯σ = 〈φ(t)|σ〉 ⇔ H〈φ(t)|σ〉 = 0,
where H : A0,q+1(X,E)→ H0,q+1(X,E) is the projection operator to harmonic space.
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Proof. First, if ∂¯σ = 〈φ(t)|σ〉, then it is clear that H〈φ(t)|σ〉 = 0. On the other hand,
assume H〈φ(t)|σ〉 = 0 and set
ψ(t) := ∂¯σ − 〈φ(t)|σ〉.
It follows from (3.20) and (6.1) that
ψ(t) =∂¯∂¯∗G〈φ(t)|σ〉 − 〈φ(t)|σ〉
=∂¯∗G∂¯〈φ|σ〉
=∂¯∗G
(〈∂¯φ|σ〉 − 〈φ|∂¯σ〉)
=∂¯∗G
(〈∂¯φ|σ〉 − 〈φ|ψ(t)〉 − 〈φ|2σ)
=∂¯∗G
(
〈∂¯φ− 1
2
[φ, φ]|σ〉 − 〈φ|ψ(t)〉
)
=− ∂¯∗G〈φ(t)|ψ(t)〉.
It follows that
(6.4) ‖ψ(t)‖k+α = ‖∂¯∗G〈φ(t)|ψ(t)〉‖k+α ≤ C‖φ(t)‖k+α‖ψ(t)‖k+α,
where C depends only on k and α. Now choose |t| so small that C‖φ(t)‖k+α < 1,
then we get ‖ψ(t)‖k+α < ‖ψ(t)‖k+α which is a contradiction if ψ(t) 6= 0. So we must
have ψ(t) = 0 whenever |t| is small enough. 
Theorem 6.3. Let X be a compact complex manifold and π : X → B be the
Kuranishi family of X with π−1(0) = X0 = X. Assume that H
q+1(X,E) = 0.
Then given any σ0 ∈ H0,q(X,E), there exists a canonical family of ∂¯φ-closed E-
valued (0, q)-forms given by σ(t) ∈ A0,q(X,E),∀t ∈ B such that σ(0) = σ0, σ(t) =∑∞
k1,··· ,kr
σk1···krt
k1
1 · · · tkrr =
∑
k σkt
k and
(6.5) ∀k = (k1, · · · , kr) 6= 0, σk = ∂¯∗G
∑
i+j=k
〈φi|σj〉 ∈ A0,q(X,E).
Proof. It follows from the assumption Hq+1(X,E) = 0 and Proposition 6.2 that the
power series σ(t) =
∑
k σkt
k is ∂¯φ-closed. We are left to show that σ(t) is smooth.
Indeed, from the convergence of σ(t) =
∑
k σkt
k in the Ho¨lder norm ‖ · ‖k+α for k ≥ 2
we know that σ(t) is at least C2 on X. Let  be the ∂¯-Laplacian operator, it follows
from (6.1) and Hodge theory that
σ(t) =∂¯∗G〈φ|σ(t)〉
=∂¯∗G〈φ|σ(t)〉
=∂¯∗〈φ|σ(t)〉 − ∂¯∗H〈φ|σ(t)〉
=∂¯∗〈φ|σ(t)〉.
Since σ(t) is holomorphic in t, we see that σ(t) satisfies the following equation:
(6.6)
r∑
i=1
∂σ(t)
∂ti∂t¯i
+σ(t)− ∂¯∗〈φ|σ(t)〉 = 0.
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It is easy to see that (6.6) is quasi-linear elliptic and its coefficients are smooth. By a
well-known regularity theorem, we conclude that σ(t) is smooth on X. Alternatively,
we may conclude the smoothness by noting that the coefficients of σ(t) (in a local
frame) is holomorphic with respect to the complex structure of Xt. 
6.2. Deformation of Dolbeault cohomology classes: the general case. First,
we observe that the operator ∂¯φ = ∂¯−〈φ| is, like the operator ∂¯, an elliptic differential
operator of degree 1. This follows from the fact that ∂¯ is elliptic and φ = φ(t) represent
a small deformation. As a result, if we set
• φ := ∂¯φ∂¯∗φ + ∂¯∗φ∂¯φ, the ∂¯φ-Laplacian operator ;
• Hφ : A0,q(X,E) →H0,qφ (X,E) be the projection operator to the ∂¯φ-harmonic
space H0,qφ (X,E) = kerφ ∩A0,q(X,E) ;
• Gφ := the Green operator for φ .
then the following Hodge decomposition holds [Dem12, Chap.VI]:
(6.7) I = Hφ +φGφ.
Notice that although φ depends analytically in t, this does not hold in general for
Gφ or Hφ. In fact, the continuity in t of Gφ and Hφ, as operators on A0,q(X,E), is
equivalent to the condition that dimH0,qφ (X,E) is independent of t, see Theorem 4.5
of [MK71, pp. 178]. It can be shown as usual that [MK71]
∂¯φHφ = Hφ∂¯φ = ∂¯∗φHφ = Hφ∂¯∗φ = GφHφ = HφGφ = [∂¯φ, Gφ] = [∂¯∗φ, Gφ] = 0,
and
‖〈φ|σ〉‖k+α ≤ ck+α‖φ‖k+α+1‖σ‖k+α+1,
for any φ ∈ A0,l(X,T 1,0X ) and σ ∈ A0,q(X,E).
Lemma 6.4. The natural map
(6.8)
ker ∂¯∗ ∩ ker ∂¯φ(t) ∩A0,q(X,E)
ker ∂¯∗ ∩ Im ∂¯φ(t) ∩A0,q(X,E)
−→ H0,q
∂¯φ(t)
(X,E)
is an isomorphism.
Proof. It is clear that this map is injective. We will prove it is an isomorphism by
showing
(6.9) dim
ker ∂¯∗ ∩ ker ∂¯φ(t) ∩A0,q(X,E)
ker ∂¯∗ ∩ Im ∂¯φ(t) ∩A0,q(X,E)
= dimH0,q
∂¯φ(t)
(X,E).
In fact, let t be fixed and consider the family of vector subspace ker ∂¯∗
φ(s)∩H0,qφ(t)(X,E)
(with parameter s) in the finite dimensional space H0,q
φ(t)(X,E), we have
dimker ∂¯∗ ∩H0,q
φ(t)(X,E) ≥ dimker ∂¯∗φ(t) ∩H0,qφ(t)(X,E) = dimH0,qφ(t)(X,E)
which implies
(6.10) H0,q
φ(t)(X,E) ⊂ ker ∂¯∗ ∩A0,q(X,E).
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By (6.10) the harmonic projection operator Hφ(t) induce the following homomorphism
ker ∂¯∗ ∩ ker ∂¯φ(t) ∩A0,q(X,E)
ker ∂¯∗ ∩ Im ∂¯φ(t) ∩A0,q(X,E)
−→ H0,q
φ(t)(X,E) = ker ∂¯
∗ ∩H0,q
φ(t)(X,E),
which is easily seen to be an isomorphism and hence (6.9) follows. 
Remark 6.5. The proof of (6.10) may be easily modified (by replacing ∂¯∗ with ∂¯)
to show H0,q
φ(t)(X,E) ⊂ ker ∂¯ ∩A0,q(X,E). As a result, we have
(6.11) H0,q
φ(t)(X,E) ⊂ H0,q(X,E).
Proposition 6.6. For any fixed σ0 ∈ H0,q(X,E), the equation
σ = σ0 + ∂¯
∗G〈φ(t)|σ〉
has an unique solution given by σ =
∑
k σkt
k and σk = ∂¯
∗G
∑
i+j=k〈φi|σj〉, for |t|
small.
Proof. By the second part of Proposition 6.1, it suffice to prove the uniqueness. Let
σ and σ′ be two solutions to σ = σ0 + ∂¯
∗G〈φ(t)|σ〉 and set τ = σ − σ′. Then
τ = ∂¯∗G〈φ(t)|τ〉 and so by Lemma 5.1, we have
(6.12) ‖τ‖k+α ≤ c‖φ(t)‖k+α‖τ‖k+α,
for some constant c > 0. When |t| is sufficiently small, ‖φ(t)‖k+α is also small. Hence
we must have τ = 0. 
Remark 6.7. It is a consequence of Propositions 6.1 and 6.6 that the map
H : ker ∂¯∗ ∩ ker ∂¯φ(t) ∩A0,q(X,E) −→ H0,q(X,E)
is injective.
Definition 6.8. For any t ∈ B and a vector subspace V = C{σ10 , · · · , σN0 } ⊆
H0,q(X,E), we set
Vt :={
N∑
l=1
alσ
l
0 ∈ V | (a1, · · · , aN ) ∈ CN s.t. ∂¯φ(t)σ(t) = 0,
where σ(t) =
∑
k
σkt
k with σ0 =
∑
l
alσ
l
0 and σk = ∂¯
∗G
∑
i+j=k
〈φi|σj〉, ∀k 6= 0}.
Note that Vt consists of those vectors of the form
∑
l alσ
l
0 such that the coefficients
al satisfy the following linear equation:
N∑
l=1
al∂¯φ(t)σ
l(t) = 0,
where σl(t) =
∑
k σ
l
kt
k with σlk = ∂¯
∗G
∑
i+j=k〈φi|σlj〉, ∀k 6= 0. We see that Vt is a
vector subspace of V and varies with t.
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Definition 6.9. In view of Lemma 6.4, we set
ft :Vt −→
ker ∂¯∗ ∩ ker ∂¯φ(t)
ker ∂¯∗ ∩ Im ∂¯φ(t)
∼= H0,q
∂¯φ(t)
(X,E),
σ0 7−→ σ(t) =
∑
k
σkt
k, where σk = ∂¯
∗G
∑
i+j=k
〈φi|σj〉, ∀k 6= 0.
Proposition 6.10. If V = H0,q(X,E), then ft is surjective.
Proof. By Proposition 6.1 and Proposition 6.6, The map
f˜t :Vt −→ ker ∂¯∗ ∩ ker ∂¯φ(t) ∩A0,q(X,E),
σ0 7−→ σ(t) =
∑
k
σkt
k, where σk = ∂¯
∗G
∑
i+j=k
〈φi|σj〉, ∀k 6= 0,
is an isomorphism. Indeed, the inverse map of f˜t is given by the harmonic projection
H. 
For V = H0,q(X,E), we see that an immediate consequence of Proposition 6.10 is
Hq(Xt, Et) ∼= Vt/ ker ft,
for any t ∈ B.
Theorem 6.11. Let X be a compact complex manifold and π : (X ,X)→ (B, 0) be the
Kuranishi family of X. Let V = C{σ10 , · · · , σN0 } be a linear subspace of H0,q(X,E)
and σl(t) = f˜tσ
l
0, l = 1, · · · , N . Define an analytic subset B(V ) of B by
B(V ) := {t ∈ B | H〈φ(t)|σl(t)〉 = 0, l = 1, · · · , N},
Then we have
(6.13) B(V ) = {t ∈ B | dimV = dim Im ft + dimker ft}.
In particular, we have
(6.14) B′ := B(H0,q(X,E)) = {t ∈ B | dimHq(X,E) = dimHq(Xt, Et)+dimker ft}.
Proof. First, let α1, · · · , αd be a basis of the harmonic space Hq+1(X,E) , then ∀l =
1, · · · , N , we have
H〈φ(t)|σl(t)〉 = 0⇔< 〈φ(t)|σl(t)〉, αq >= 0, ∀q = 1, · · · , d,
where < ·, · > is the inner product on the space Aq+1(X,E). Set
alq(t) :=< 〈φ(t)|σl(t)〉, αq > .
Because both φ = φ(t) and σl(t) are analytic in t, we have that each alq is holomorphic
in t and so
B(V ) = {t ∈ B | alq = 0, l = 1, · · · , N, q = 1, · · · , d}
is an analytic subset of B.
Next note that by Proposition 6.2
t ∈ B(V )⇔ Vt = V.
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So (6.13) follows from the fact that dimVt = dim Im ft+dimker ft. If V = H0,q(X,E),
then ft : Vt → H0,q∂¯φ(t)(X,E) is surjective by Proposition 6.10. Hence (6.14) follows
from the extension isomorphism H0,q
∂¯φ
(X,E) ∼= H0,q
∂¯t
(Xt, Et), see (4.5). 
Note that the definition of B(V ) depends only on the vector subspace V ⊆ H0,q(X,E)
and the holomorphic tensor bundle E. It does not depend on the choice of the ba-
sis σ10 , · · · , σN0 of V . It turns out that B(V ) does not depend on the choice of the
Hermitian metric on X either, see Theorem 7.15.
Corollary 6.12. Let X be a compact complex manifold, then
1. B′ = B if and only if dimHq(X,E) = dimHq(Xt, Et) + dimker ft for any
t ∈ B;
2. dimHq(X,E) is a deformation invariant if and only if B′ = B and dimker ft =
0 for any t ∈ B;
3. If H1(X,E) = 0, then dimH0(X,E) is a deformation invariant.
7. Universal property for the canonical deformation
Let π : (X ,X) → (B, 0) be a deformation of a compact complex manifold X such
that for each t ∈ B the complex structure on Xt is represented by Beltrami differential
φ(t) and E be a holomorphic tensor bundle on X (see Definition 3.15). In this and the
following sections, we will always assume X has been equipped with a fixed Hermitian
metric . We introduce the following definitions:
Definition 7.1. Given [y] ∈ H0,q
∂¯
(X,E) and T ⊆ B, which is a complex subspace of
B containing 0, a deformation of [y] (w.r.t. π : (X ,X)→ (B, 0) ) on T is a family of
E-valued (0, q)-forms σ(t) such that
1. σ(t) is holomorphic in t;
2. ∂¯φ(t)σ(t) = ∂¯σ(t)− 〈φ(t)|σ(t)〉 = 0, ∀t ∈ T ;
3. [σ(0)] = [y] ∈ H0,q
∂¯
(X,E).
If there exists σ(t) ∈ A0,q(X,E)[[t]] (i.e. a formal power series) such that 2., 3. are
satisfied formally, then we call σ(t) a formal deformation of [y]. Two deformations
σ(t) and σ′(t) of [y] on T are equivalent if
[σ(t)− σ′(t)] = 0 ∈ H0,q
∂¯φ(t)
(X,E), ∀t ∈ T.
We say [y] has (formally) unobstructed deformation w.r.t. π if there exists a (formal)
deformation of [y] on B. We say [y] has (formally) unobstructed deformation if for
any small deformation ̟ : (Y, Ys0) → (D, s0) of X which is realised as the pullback
of the Kuranishi family π : X → B via the following commutative diagram:
(Y, Ys0) Φ //
̟

(X ,X)
π

(D, s0)
h
// (B, 0),
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there exists a (formal) deformation of Φ∗s0 [y] (w.r.t. ̟) on D = h
−1(B). Such
classes are also called unobstructed classes. If every Dolbeault cohomology classes in
H0,q
∂¯
(X,E) have (formally) unobstructed deformation, then we say the deformations
of E-valued (0, q)-forms on X is (formally) unobstructed. The zero class always has
a unobstructed deformation given by the trivial deformation σ(t) ≡ 0.
Remark 7.2. We see that the case q = n is trivial by definition since any E-valued
(0, n)-form σ0 automatically has a deformation given by σ(t) := σ0.
Definition 7.3. A deformation σ(t) of [y] on T is called canonical if
∂¯∗σ(t) = 0 and Hσ(t) = Hy, ∀t ∈ T.
Lemma 7.4. For any small deformation π : (X ,X)→ (B, 0) and any [y] ∈ H0,q
∂¯
(X,E),
the canonical deformation (if it exists) of [y] on T is unique.
Proof. Let σ(t) be a deformation of [y] on T , then it follows from Hodge decomposition
that
σ(t) is canonical⇐⇒ σ(t) = σ0 + ∂¯∗G〈φ(t)|σ(t)〉 with σ0 = Hy ∈ H0,q(X,E),∀t ∈ T.
The same proof as in Proposition 6.6 shows that such σ(t) is unique. 
For any [y] ∈ H0,q
∂¯
(X,E), we have constructed in Theorem 6.11 the canonical
deformation of [y] on B(CHy) for the Kuranishi family of X. We say a class [y]
is canonically unobstructed if its canonical deformation (for the Kuranishi family)
exists on B. If every Dolbeault cohomology classes in H0,q
∂¯
(X,E) have canonically
unobstructed deformation, then we say the deformations of E-valued (0, q)-forms on
X is canonically unobstructed. For a given small deformation π : (X ,X)→ (B, 0), we
say [y] ∈ H0,q
∂¯
(X,E) is canonically unobstructed w.r.t. π if its canonical deformation
(w.r.t. π) exists on B. If every Dolbeault cohomology classes in H0,q
∂¯
(X,E) have
canonically unobstructed deformation w.r.t. π, then we say the deformations of E-
valued (0, q)-forms on X is canonically unobstructed w.r.t. π.
Definition 7.5. Given a deformation σ(t) of [y] ∈ H0,q
∂¯
(X,E) w.r.t. π on T and
another deformation ̟ : (Y, Ys0)→ (D, s0) of X which is the pullback of π such that
the following diagram commutes:
(Y, Ys0) Φ //
̟

(X ,X)
π

(D, s0)
h
// (B, 0),
where h is a holomorphic map with h(s0) = 0. Then the pullback h
∗σ(s) of σ(t) is the
deformation of Φ∗s0 [y] ∈ H0,q∂¯Ys0 (Ys0 , Es0) on h
−1(T ) defined by τ(s) := Φ∗s0σ(h(s)),∀s ∈
h−1(T ), where Φ∗s0 : A
0,q(X,E) → A0,q(Ys0 , Es0) is the identification induced by the
biholomorphic map Φs0 : Ys0 → X.
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Lemma 7.6. The pullback τ(s) := Φ∗s0σ(h(s)) is a deformation of Φ
∗
s0
[y] ∈ H0,q
∂¯Ys0
(Ys0 , Es0)
such that the following diagram commutes:
(7.1) h−1(T )
h
//
h∗σ

T
σ
⋃
s∈h−1(T )H
0,q
∂¯ψ(s)
(Ys0 , Es0)
(Φ−1s0 )
∗
//
⋃
s∈h−1(T )H
0,q
∂¯φ(h(s))
(X,E),
where ψ(s) is the Beltrami differential of Ys with respect to Ys0. Furthermore, if σ(t)
is canonical then its pullback τ(s) = Φ∗s0σ(h(s)) is also canonical.
Proof. We need to show that (7.1) is a commutative diagram-pullback which amounts
to prove the following diagram commutes:
(7.2) A0,q(X,E)
Φ∗s0
//
∂¯φ(h(s))

A0,q(Ys0 , Es0)
∂¯ψ(s)

A0,q+1(X,E)
Φ∗s0
// A0,q+1(Ys0 , Es0).
Indeed, let z1, · · · , zn be holomorphic coordinates on X, then z′i := Φ∗s0zi = zi ◦
Φs0 , i = 1, · · · , n, are holomorphic coordinates on Ys0 because Φs0 is biholomorphic.
Recall that Φ∗s0 : A
0,q(X,E)→ A0,q(Ys0 , Es0) is defined via
Φ∗s0dz
i =
∂zi
∂z′j
dz
′j and Φ∗s0
∂
∂zi
=
∂z
′j
∂zi
∂
∂z′j
,
then it is easy to see that Φ∗s0(φ(h(s))) = ψ(s). Hence, we have
(7.3) (Φ∗s0)
−1∂¯φ(h(s))Φ
∗
s0
= (Φ∗s0)
−1( ∂¯X − 〈φ(h(s))| )Φ∗s0 = ∂¯Ys0 − 〈ψ(s)| = ∂¯ψ(s).
We now show τ(s) := Φ∗s0σ(h(s)) is a deformation of Φ
∗
s0
[y]. First, τ(s) is holomor-
phic in s since h is so. Secondly, it follows from (7.3) that
∂¯ψ(s)τ(s) = ∂¯ψ(s)Φ
∗
s0
σ(h(s)) = Φ∗s0 ∂¯φ(h(s))σ(h(s)) = 0, ∀s ∈ h−1(T ).
Clearly, [τ(s0)] = [Φ
∗
s0
σ(0)] = Φ∗s0 [σ(0)]Φ
∗
s0
[y] ∈ H0,q
∂¯Ys0
(Ys0 , Es0).
Next, if σ(t) is canonical, we equip Ys0 the Hermitian metric induced by Φs0 and the
Hermitian metric on X such that Φs0 : Ys0 → X becomes a biholomorphic isometry.
It follows that
(Φ∗s0)
−1∂¯∗Ys0Φ
∗
s0
= ∂¯∗,
and so
∂¯∗Ys0
τ(s) = ∂¯∗Ys0
Φ∗s0σ(h(s)) = Φ
∗
s0
∂¯∗σ(h(s)) = 0, ∀s ∈ h−1(T ).
Furthermore, it is clear that
HYs0 τ(s) = HYs0Φ∗s0σ(h(s)) = Φ∗s0Hσ(h(s)) = Φ∗s0Hy, ∀s ∈ h−1(T ).

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It follows from Lemma 7.6 that if [y] ∈ H0,q
∂¯
(X,E) is canonically unobstructed,
then it is unobstructed in the sense of Definition 7.1 because we can always pull back
the canonical deformation.
Lemma 7.7. Let ̟ : (Y, Ys0)→ (D, s0) and [y] ∈ H0,q∂¯ (X,E) be as in Definition 7.5,
then
(i) Let s ∈ D be fixed, if τ(s) ∈ ker ∂¯∗Ys0∩ker ∂¯ψ(s)∩A
0,q(Ys0 , Es0) with HYs0 τ(s) =
HYs0Φ∗s0 [y], we must have τ(s) = h∗σ(s) and h(s) ∈ B(CHy) where σ(t) is
the canonical deformation of [y] on B(CHy);
(ii) The natural map
ker ∂¯∗Ys0
∩ ker ∂¯ψ(s) ∩A0,q(Ys0 , Es0)
ker ∂¯∗Ys0
∩ Im ∂¯ψ(s) ∩A0,q(Ys0 , Es0)
−→ H0,q
∂¯ψ(s)
(Ys0 , Es0)
is an isomorphism.
Proof. (i) From the proof of Lemma 7.6 it is clear that Φ∗−1s0 τ(s) ∈ ker ∂¯∗∩ker ∂¯φ(h(s))∩
A0,q(X,E). On the other hand,
HΦ∗−1s0 τ(s) = Φ∗−1s0 HYs0 τ(s) = Φ∗−1s0 HYs0Φ∗s0 [y] = Hy.
Then it follows from Proposition 6.6 that Φ∗−1s0 τ(s) =
∑
k σkt
k and σk = ∂¯
∗G
∑
i+j=k〈φi|σj〉
where σ0 = Hy and t = h(s). So we have τ(s) = h∗σ(s) with σ(t) the canonical de-
formation of [y] and σ(t) ∈ ker ∂¯φ(t) ⇒ t ∈ B(Cy).
(ii) This follows from the same arguments as in Lemma 6.4. 
Let ̟ : (Y, Ys0)→ (D, s0) be a small deformation of the compact complex manifold
X which is realised as the pullback of the Kuranishi family π : X → B with the
following commutative diagram:
(Y, Ys0) Φ //
̟

(X ,X)
π

(D, s0)
h
// (B, 0),
and for each s ∈ D the complex structure on Ys is represented by Beltrami differential
ψ(s).
Definition 7.8. For any s ∈ D and a vector subspace V ̟ = C{τ10 , · · · , τN0 } ⊆
H0,q(Ys0 , Es0), we set
V ̟s :={
N∑
l=1
alτ
l
0 ∈ V ̟ | (a1, · · · , aN ) ∈ CN and ∃ τ(s) =
∑
k
τks
k ∈ A0,q(Ys0 , Es0){s},
s.t. τ(s) ∈ ker ∂¯ψ(s) ∩ ker ∂¯∗Ys0 and HYs0 τ(s) = τ(0) =
N∑
l=1
alτ
l
0}
where A0,q(Ys0 , Es0){s} denote the space of convergent power series in s with coeffi-
cients in A0,q(Ys0 , Es0) and ∂¯ψ(s) = ∂¯0 − 〈ψ(s)|.
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Definition 7.9. Set
fs : V
̟
s −→ H0,q∂¯ψ(s)(Ys0 , Es0), τ0 7→ τ(s) ,
where τ(s) is the power series in Definition 7.8 with τ0 = τ(0). By the first assertion
of Lemma 7.7, fs is well-defined and fs(τ0) = h
∗σ(s) where σ(t) is the canonical
deformation of σ0 = Φ
∗−1
s0
τ0.
Similar to Proposition 6.10, we have
Proposition 7.10. If V ̟ = H0,q(Ys0 , Es0), then fs is surjective.
Proof. It is enough to show the following commutative diagram:
(7.4) Vt
ft
//
Φ∗s0

H0,q
∂¯φ(t)
(X,E)
Φ∗s0

V ̟s
fs
// H0,q
∂¯ψ(s)
(Ys0 , Es0) ,
where t = h(s). The conclusion then follows from Proposition 6.10. We first show
V ̟s = Φ
∗
s0
(Vt). Indeed, for any σ0 ∈ Vt it follows from Lemma 7.6 that τ(s) :=
h∗σ(s) ∈ ker ∂¯ψ(s) ∩ ker ∂¯∗ and τ(0) = Φ∗s0σ0 ⇒ Φ∗s0(Vt) ⊆ V ̟s . Conversely, for any
τ0 ∈ V ̟s such that τ(s) ∈ ker ∂¯ψ(s) ∩ ker ∂¯∗ and HYs0 τ(s) = τ(0) = τ0 it follows from
Lemma 7.7 that τ(s) = h∗σ(s) where σ(t) is the canonical deformation of Φ∗−1s0 τ0.
Hence Φ∗−1s0 τ0 ∈ Vt ⇒ Φ∗s0(Vt) ⊇ V ̟s .
Next, given σ0 ∈ Vt it follows from Lemma 7.7 that the pull-back h∗σ(s) is equal
to τ(s), where σ(t) is the canonical deformation of σ0 and τ(s) = fs(Φ
∗
s0
σ0), which
implies that Φ∗s0σ(h(s)) = τ(s)⇒ Φ∗s0ft(σ0) = fs(Φ∗s0σ0). 
Proposition 7.11. Let ̟ : (Y, Ys0) → (D, s0) be an analytic family of compact
complex manifolds with ̟−1(s0) = Ys0
∼= X, then the set {s ∈ D | dimHq(Ys, Es) ≥
k} is an analytic subset3 of D for any nonnegative integer k.
Proof. It follows from Proposition 7.10 and Proposition 6.10 that
{s ∈ D | dimHq(Ys, Es) ≥ k}
={s ∈ D | dimV ̟s / ker fs ≥ k}
=h−1{t ∈ B | dimVt/ ker ft ≥ k}
=h−1{t ∈ B | dimVt − dim
(
ker ∂¯∗ ∩ Im ∂¯φ(t)
) ≥ k}.

Remark 7.12. This result can also be shown by observing that H0,q
∂¯ψ(s)
(Ys0 , Es0) ⊆
H0,q
∂¯Ys0
(Ys0 , Es0). See (6.11).
3In fact, a more general result of this type holds, see [GR84, pp. 210].
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Remark 7.13. Note that the Fro¨hlicher spectral sequence on Ys degenerates at E1
if and only if
∑
p+q=k dimH
p,q
∂¯Ys
(Ys) = bk for any k and
{s ∈ D |
∑
p+q=k
dimHp,q
∂¯Ys
(Ys) = bk, ∀ k} = D\
⋃
0≤k≤n
{s ∈ D |
∑
p+q=k
dimHp,q
∂¯Ys
(Ys) ≥ bk+1}
where bk is the k-th Betti number of X. Hence, a direct consequence of Proposi-
tion 7.11 is that the set
S = {s ∈ D | the Fro¨hlicher spectral sequence on Ys degenerates at E1}
is an analytically open subset (i.e. complement of analytic subset) of D. In particular,
if D is a small open disc in the complex plane with 0 ∈ D and S is not empty then
we have S = D or S = D \ {0} which corresponds to the fact that degeneration
at E1 of the Fro¨hlicher spectral sequence is a deformation open property but not a
deformation closed property (in the sense of Popovici [Pop14]). In fact, the Iwasawa
manifold provides explicit example for the later phenomenon (see Remark 9.3), see
also [ES93, AK17].
For applications, it will be convenient to have a version of Theorem 6.11 for arbi-
trary deformation of complex structures. In fact, the following result holds:
Theorem 7.14. Let ̟ : (Y, Ys0) → (D, s0) be a small deformation of the compact
complex manifold X which is realised as the pullback of the Kuranishi family π : X →
B with the following commutative diagram:
(Y, Ys0) Φ //
̟

(X ,X)
π

(D, s0)
h
// (B, 0) .
For any q ≥ 0, let V ̟ be a linear subspace of H0,q(Ys0 , Es0). Define analytic subsets
D(V ̟) of D by
D(V ̟) := h−1(B(Φ∗−1s0 V ̟)),
where Φ∗−1s0 : H0,q(Ys0 , E0) → H0,q(X,E) is induced by the biholomorphic map Φs0 :
Ys0 → X. Then we have
(7.5) D(V ̟) = {s ∈ D | dimV ̟ = dim Im fs + dimker fs}.
In particular, we have
(7.6)
D′ = D(H0,q(Ys0 , Es0)) = {s ∈ D | dimHq(Ys0 , Es0) = dimHq(Ys, Es) + dimker fs}.
Proof. For (7.5), by Theorem 6.11 and the commutative diagram (7.4) in Proposition
7.10, we have
s ∈ D(V ̟)⇔ t = h(s) ∈ B(Φ∗−1s0 V ̟)⇔ dimΦ∗−1s0 V ̟ = dim Im ft + dimker ft
⇔ dimV ̟ = dim Im fs + dimker fs.
(7.6) follows from (7.5) and Proposition 7.10. 
We summarise the following universal property of the canonical deformation:
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Theorem 7.15. Let ̟ : (Y, Ys0) → (D, s0) be a small deformation of the compact
complex manifold X which is realised as the pullback of the Kuranishi family π : X →
B with the following commutative diagram:
(Y, Ys0) Φ //
̟

(X ,X)
π

(D, s0)
h
// (B, 0),
and [y] ∈ H0,q
∂¯
(X,E).
1. Assume S is an analytic subset of D with s0 ∈ S, if there is a canonical deformation
of Φ∗s0 [y] on S then S ⊆ h−1(B(CHy)) and any canonical deformation of Φ∗s0 [y] on
S is the pullback of the canonical deformation of [y] on B(CHy) (restricted on S).
In particular, for any Φ∗s0 [y] ∈ H0,q∂¯Ys0 (Ys0 , Es0), its canonical deformation exists on
h−1(B(CHy)).
2. For any deformed Dolbeault cohomology class [u] ∈ H0,q
∂¯ψ(s)
(Ys0 , Es0), there exists
σ0 ∈ H0,q(X,E) such that [u] = [h∗σ(s)] where σ(t) is the canonical deformation of
σ0.
Proof. 1. follows directly from (i) of Lemma 7.7, Lemma 7.6 and Lemma 7.4. For
2., we may assume u ∈ ker ∂¯∗Ys0 ∩ ker ∂¯ψ(s) ∩A
0,q(Ys0 , Es0) by (ii) of Lemma 7.7, the
conclusion then follows from (i) of Lemma 7.7. 
Corollary 7.16. For V ̟ = H0,q(Ys0 , Es0), we have
(7.7) {canonically unobstructed classes w.r.t. ̟} =
⋂
s∈D
V ̟s
and
(7.8)
dimHq(Ys, Es)+dimker fs ≥ dim{canonically unobstructed classes w.r.t. ̟}, ∀s ∈ D.
Proof. First, it follows from the first part of Theorem 7.15 that any canonical defor-
mation on D may be obtained from the pullback of the canonical deformation on B.
Hence,
{canonically unobstructed classes w.r.t. ̟}
=Φ∗s0{canonically unobstructed classes w.r.t. the Kuranishi family π}
=Φ∗s0
⋂
t∈B
Vt =
⋂
s∈D
V ̟s .
The inequality (7.8) then follows from (7.7) and the fact (see Proposition 7.10) that
dimHq(Ys, Es) + dimker fs = dimV
̟
s , ∀s ∈ D. 
Corollary 7.17. Let ̟ : (Y, Ys0) → (D, s0) be a small deformation of the compact
complex manifold X, then the following statements are equivalent:
1. The deformations of Es0-valued (0, q)-forms on Ys0 are canonically unob-
structed w.r.t. ̟;
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2. dimHq(X,E) = dimHq(Ys, Es) + dimker fs for any s ∈ D.
Proof. By Theorem 6.11 and Theorem 7.14, 2. is equivalent to h−1(B′) = D which is
clearly equivalent to 1.. 
Corollary 7.18. The following statements are equivalent:
1. The deformations of E-valued (0, q)-forms on X are canonically unobstructed;
2. B′ = B;
3. For any small deformation ̟ : (Y, Ys0) → (D, s0) of X, the deformations of
Es0-valued (0, q)-forms on Ys0 are canonically unobstructed w.r.t. ̟;
4. For any small deformation ̟ : (Y, Ys0) → (D, s0) of X, dimHq(X,E) =
dimHq(Ys, Es) + dimker fs for any s ∈ D.
Proof. It follows form Proposition 6.2 and Theorem 6.11 that 1. and 2. are equivalent.
The equivalence of 2. and 4. follows from Corollary 6.12 and Theorem 7.14. The
equivalence of 3. and 4. follows from Corollary 7.17. 
Corollary 7.19. Let ̟ : (Y, Ys0) → (D, s0) be a small deformation of the compact
complex manifold X. If dimHq(Ys0 , Es0) = dimH
q(Ys, Es) for some s ∈ D, then
there exists a canonical isomorphism
H0,q
∂¯s0
(Ys0 , Es0) −→ H0,q∂¯s (Ys, Es) : Φ
∗
s0
[y] 7→ ρ[Φ∗s0σ(h(s))] ,
where σ(t) = σ(h(s)) is the canonical deformation of [y] ∈ H0,q
∂¯
(X,E) and ρ is the
extension isomorphism.
Proof. By Proposition 7.10, it is clear that dimHq(Ys0 , Es0) ≥ dimV ̟s ≥ dimHq(Ys, Es)
for any s ∈ D where V ̟s ⊆ V ̟ := H0,q(Ys0 , Es0). If dimHq(Ys0 , Es0) = dimHq(Ys, Es)
for some s ∈ D, then by Theorem 7.14 s ∈ D′ and dimker fs = 0. By the proof of
Theorem 7.14, we know that s ∈ D′ ⇔ V ̟s = H0,q(Ys0 , Es0). Now the assertion
follows from Proposition 7.10. 
8. Unobstructed deformations for Ka¨hler manifolds and Calabi-Yau
manifolds
8.1. Deformations of (p, q)-forms on Ka¨hler manifolds. Recall that we say a
complex manifold X satisfy the ∂∂¯-lemma if ∀p, q ≥ 0 and ∀σ ∈ Ap,q(X) with dσ = 0,
we have
σ is d− exact ⇐⇒ σ is ∂ − exact ⇐⇒ σ is ∂¯ − exact ⇐⇒ σ is ∂∂¯ − exact .
Such a complex manifold X is usually called a ∂∂¯-manifold. In particular, a compact
Ka¨hler manifold is a ∂∂¯-manifold [GH94, Huy05].
Theorem 8.1. Let X be a compact ∂∂¯-manifold, then the deformations of (p, q)-
forms on X are formally unobstructed. If X is a compact Ka¨hler manifold, then the
deformations of (p, q)-forms on X are canonically unobstructed and ft : Hp,q∂¯ (X) →
Hp,q
∂¯φ(t)
(X) is an isomorphism for any t ∈ B. Furthermore, let σ(t) = ∑k σktk ∈
Ap,q(X) be the canonical deformation of [σ0] ∈ Hp,q∂¯ (X), then σk is ∂-exact and ∂¯∗-
exact for each k > 0.
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Proof. If X is a compact ∂∂¯-manifold, and π : (X ,X) → (B, 0) be a deformation of
X. First note that for any Dolbeault class [y] ∈ Hp,q
∂¯
(X), we can always choose a
∂-closed representative of [y]: the equation
∂(y − ∂¯x) = 0, or ∂∂¯x = ∂y,
has a solution x by the ∂∂¯-lemma. For any t ∈ B, let φ(t) be the Beltrami differential
which represent Xt. Given [σ0] ∈ Hp,q∂¯ (X) = H
0,q
∂¯
(X,Ωp) with σ0 being ∂-closed, we
need to find a formal power series solution of the following equation
(8.1) (∂¯ − 〈φ(t)|)σ(t) = 0, or ∂¯σ(t) = L1,0
φ(t)σ(t),
which (as in the proof Theorem 5.2) is reduced to the following system of equations
(for simplicity, we only consider the one variable case) :
(8.2)
{
∂¯σk =
∑k
j=1L1,0φj σk−j, k > 0,
∂¯σ0 = 0.
For k = 1, we need to solve
∂¯σ1 = L1,0φ1 σ0 = −∂iφ1σ0.
Since ∂¯L1,0φ1 σ0 = 0 (see (5.8)), by the ∂∂¯-lemma we can find a solution σ1 = ∂τ1 for
some τ1 ∈ Ap−1,q(X). Now we assume (8.2) can be solved for k = 1, · · · , N and
∀1 ≤ k ≤ N,σk = ∂τk for some τk ∈ Ap−1,q(X), then we need to solve
∂¯σN+1 =
N+1∑
j=1
L1,0φj σN+1−j = −
N+1∑
j=1
∂iφjσN+1−j .
Again we have ∂¯
∑N+1
j=1 L1,0φj σN+1−j = 0 (see (5.8)), by the ∂∂¯-lemma we can find a
solution σN+1 = ∂τN+1 for some τN+1 ∈ Ap−1,q(X). This completes the induction.
Hence we have construct a formal deformation σ(t) =
∑
k σkt
k of [σ0] ∈ Hp,q∂¯ (X) with
the additional property that each σk is ∂-exact.
Now if X is a compact Ka¨hler manifold, we will show that each class [σ0] ∈ Hp,q∂¯ (X)
is canonically unobstructed. Indeed, let π : (X ,X) → (B, 0) the Kuranishi family of
X with Beltrami differential φ(t). We assume that σ0 is ∂¯-harmonic, then it is also
∂-harmonic since △∂¯ = △∂ for Ka¨hler manifolds. The same induction process can be
done as above except that we choose the canonical solutions:
(8.3) ∀k 6= 0, σk := ∂¯∗G∂¯
∑
i+j=k
L1,0φj σi = −∂¯∗G∂¯
∑
i+j=k
∂iφjσi = −
∑
i+j=k
∂∂¯∗G∂¯iφjσi,
where we have used the fact that [∂, ∂¯∗] = [∂,G∂¯ ] = 0. We note that the σ(t)
constructed this way satisfy ∂¯∗σ(t) = 0 and
∂σ(t) = 0⇒ HL1,0
φ(t)σ(t) = −H∂i1,0φ(t)σ(t) = 0, ∀t ∈ B ⇒ B([σ0]) = B .
Therefore, [σ0] is canonically unobstructed. Since [σ0] ∈ Hp,q∂¯ (X) is arbitrary, we
conclude that the deformations of (p, q)-forms on X are canonically unobstructed.
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For V = Hp,q
∂¯
(X), the canonically unobstructedness implies that Vt = Hp,q∂¯ (X)
for any t ∈ B. So we have the surjective homomorphism ft : Hp,q∂¯ (X) → H
p,q
∂¯φ(t)
(X)
with ft(σ0) = [σ(t)]. It is left to show ft is injective. In fact, if σ0 ∈ ker ft, then its
canonical deformation σ(t) ∈ Im ∂¯φ(t) ∩ Ap,q(X). Since X is Ka¨hler, X satisfies the
∂∂¯φ(t)-lemma for any t ∈ B [Xia20, Coro. 1.3]. Notice that σ(t) is both ∂-closed and
∂¯φ(t)-exact, by applying the ∂∂¯φ(t)-lemma then we have σ(t) is also ∂∂¯φ(t)-exact. In
particular, we have σ0 = σ(t) − (σ(t) − σ0) ∈ Hp,q∂¯ (X) is ∂-exact ⇒ σ0 = 0 because
X is Ka¨hler. 
Remark 8.2. We note the following:
1. The holomorphic family of (p, q)-forms σ(t) on Ka¨hler manifold X, when
considered as (p, q)-forms on X ×∆r, satisfies
(∂¯ − L1,0
φ(t))σ(t)|X×B = 0, and , ∂σ(t)|X×B = 0,
where ∆r ⊂ H0,1(X,Θ) is a polydisc and B ⊂ ∆r. This fact was used in an
essential way by Clemens [Cle99, pp. 339];
2. By assuming a weak form of the ∂∂¯-lemma and the deformation invariance of
dimHp,q−1
∂¯t
(Xt), Rao-Zhao [RZ18, Thm. 3.1] showed that dimH
p,q
∂¯t
(Xt) is also
a deformation invariant. In order to make the above induction process work,
we must choose ∂-closed σk. In fact, for ∂∂¯-manifold we can choose possibly
non-canonical (i.e. ∂¯∗σk may not be zero.) σk such that ∂σk = 0 and the
series
∑
k σkt
k still converges, see [RZ18, Prop. 3.14].
Corollary 8.3. Let π : (X ,X)→ (B, 0) be the Kuranishi family of a compact Ka¨hler
manifold X, then for any t ∈ B, there exists a canonical isomorphism
Hp,q
∂¯
(X)→ Hp,q
∂¯t
(Xt) : [y] 7→ ρ[σ(t)],
where σ(t) =
∑
k σkt
k, σ0 = Hy, σk = −
∑
i+j=k ∂∂¯
∗G∂¯iφjσi for |k| 6= 0 and ρ :
H0,q
∂¯φ(t)
(X,Ωp)→ Hp,q
∂¯t
(Xt) is the extension isomorphism.
8.2. Deformations of vector forms on Calabi-Yau manifolds. A compact Ka¨hler
manifold X is a Calabi-Yau manifold if KX ∼= OX , where KX is the canonical line
bundle of X.
It is well-known that the deformations of Calabi-Yau manifolds is unobstructed [Tia87,
Tod89, LRY15]. We will show that for Calabi-Yau manifolds, the deformations of
vector forms are unobstructed. This is very similar to the proof of the Bogomolov-
Tian-Todorov theorem [Tod89, Tia87]. First, we collect some standard facts that will
be useful, see [Pop13, Sec. 3] for a nice account. Let X be a Calabi-Yau manifold of
dimension n and u ∈ H0(X,KX ) be a nontrivial holomorphic section of KX , then for
each 0 ≤ q ≤ n there is a natural isomorphism
(8.4) Tu : A
0,q(X,T 1,0X ) −→ An−1,q(X), • 7→ •yu
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and we have the following commutative diagram:
A0,q(X,T 1,0X )
Tu
//
∂¯

An−1,q(X)
∂¯

A0,q+1(X,T 1,0X )
Tu
// An−1,q+1(X) ,
i.e. Tu∂¯ = ∂¯Tu. Moreover, if we choose the Hermitian metric on X to be the Ricci-flat
Ka¨hler metric [Yau78], then we have
TuIm ∂¯
∗ = Im ∂¯∗ and Tu△∂¯ = △∂¯Tu,
so Tu maps harmonic T
1,0
X -valued (0, q)-forms to harmonic (n − 1, q)-forms and ∂¯∗-
exact T 1,0X -valued (0, q)-forms to ∂¯
∗-exact (n−1, q)-forms. For Calabi-Yau manifolds,
we will always use the Ricci-flat Ka¨hler metric in what follows. Let ϕ ∈ A0,1(X,T 1,0)
and ψ ∈ A0,q(X,T 1,0), then the Tian-Todorov lemma [LR11, LRY15, Tia87, Tod89]
says the following:
(8.5) Tu[ϕ,ψ] = [L1,0ϕ , iψ]u = −∂iψiϕu+ iϕ∂iψu+ iψ∂iϕu,
in particular, if ∂Tuϕ = ∂Tuψ = 0, then (8.5) is reduced to
4
(8.6) Tu[ϕ,ψ] = −∂iψiϕu .
Theorem 8.4. Let X be a Calabi-Yau manifold, then the deformations of T 1,0X -valued
(0, q)-forms on X are unobstructed.
Proof. Let π : (X ,X) → (B, 0) the Kuranishi family of X with Beltrami differential
φ(t). For any [σ0] ∈ H0,q∂¯ (X,T
1,0
X ), we assume σ0 is the unique ∂¯-harmonic represen-
tative. We need to solve the following equation
(8.7) (∂¯ − 〈φ(t)|)σ(t) = 0, or ∂¯σ(t) = [φ(t), σ(t)],
which is reduced to the following system of equations (for simplicity, we only consider
the one variable case) :
(8.8)
{
∂¯σk =
∑k
j=1[φj, σk−j ], k > 0,
∂¯σ0 = 0.
For k = 1, we need to solve
∂¯σ1 = [φ1, σ0],
which by means of (8.4) is equivalent to solve
∂¯Tuσ1 = Tu[φ1, σ0] = −∂iσ0iφ1u,
where the last equality follows from (8.6) and the fact that both Tuφ1 ∈ An−1,1(X)
and Tuσ0 ∈ An−1,q(X) are ∂¯-harmonic. Since ∂¯Tu[φ1, σ0] = Tu∂¯[φ1, σ0] = 0 (see
(5.8)), by the ∂∂¯-lemma we can find a solution Tuσ1 = ∂τ1 for some τ1 ∈ An−2,q(X).
We choose the canonical solution given by
Tuσ1 = ∂¯
∗G∂¯Tu[φ1, σ0] = −∂¯∗G∂¯∂iσ0iφ1u = −∂∂¯∗G∂¯iσ0 iφ1u.
4Note that iϕu = Tuϕ and iψu = Tuψ.
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Note that Tuσ1 is both ∂-exact and ∂¯
∗-exact.
Now we assume (8.8) can be solved for k = 1, · · · , N and for each 1 ≤ k ≤ N,Tuσk
is ∂-exact and ∂¯∗-exact, then we need to solve
∂¯σN+1 =
N+1∑
j=1
[φj , σN+1−j ],
or
∂¯TuσN+1 = Tu
N+1∑
j=1
[φj , σN+1−j ] = −∂
N+1∑
j=1
iσN+1−j iφju,
where we have used (8.6) and the fact5 that both Tuφk ∈ An−1,1(X) and Tuσk ∈
An−1,q(X) are ∂-exact for each 1 ≤ k ≤ N . Again we have ∂¯∑N+1j=1 [φj , σN+1−j ] = 0
(see (5.8)), by the ∂∂¯-lemma we can find a canonical solution given by
(8.9) TuσN+1 = ∂¯
∗G∂¯Tu
N+1∑
j=1
[φj , σN+1−j ] = −∂∂¯∗G∂¯
N+1∑
j=1
iσN+1−j iφju.
We see that TuσN+1 is also ∂-exact and ∂¯
∗-exact.
Hence we get a canonical solution σ(t) =
∑
k σkt
k of (8.7) with the property that
each Tuσk is ∂-exact and ∂¯
∗-exact for k 6= 0. Therefore, σ(t) = ∑k σktk satisfy
∂¯φ(t)σ(t) = ∂¯
∗σ(t) = 0. We see that the power series σ(t) =
∑
k σkt
k given by
σk = −T−1u ∂∂¯∗G∂¯
k∑
j=1
iσk−j iφju, ∀k 6= 0,
is the canonical deformation of [σ0] ∈ H0,q∂¯ (X,T
1,0
X ), and [σ0] is canonically unob-
structed. 
Remark 8.5. Following Popovici, we call a compact ∂∂¯-manifold X a Calabi-Yau
∂∂¯-manifold if KX is trivial. Popovici [Pop13] have shown that the deformation of
Calabi-Yau ∂∂¯-manifolds is unobstructed. It follows from Remark 8.2 that we can
choose possibly non-canonical σk such that ∂σk = 0 and the series
∑
k σkt
k still
converges.
9. Examples of obstructed deformations and the jumping phenomenon
Nakamura [Nak75] classified three-dimensional complex solvable manifolds and
computed the Dolbeault cohomology of their small deformations. These provides
first examples of the jumping phenomenon of cohomology. In this section, we analyze
these phenomena by using the results obtained in previous sections.
5The ∂-exactness of Tuφk ∈ A
n−1,1(X), ∀k, follows from the construction of φ(t) =
∑
k
φkt
k, see
[Tod89, LRY15] for the details.
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Example 9.1. Case III-(2). Let G be the matrix Lie group defined by
G :=



 1 z1 z30 1 z2
0 0 1

 ∈ GL(3;C) | z1, z2, z3 ∈ C

 ∼= C3 ,
where the product is the one induced by matrix multiplication. This is usually called
the Heisenberg group. Consider the discrete subgroup Γ defined by
Γ :=



 1 ω1 ω30 1 ω2
0 0 1

 ∈ G | ω1, ω2, ω3 ∈ Z[√−1]

 ,
The quotient X = G/Γ is called the Iwasawa manifold. A basis of H0(X,Ω1) is given
by
ϕ1 = dz1, ϕ2 = dz2, ϕ3 = dz3 − z1 dz2,
and a dual basis θ1, θ2, θ3 ∈ H0(X,T 1,0X ) is given by
θ1 =
∂
∂z1
, θ2 =
∂
∂z2
+ z1
∂
∂z3
, θ3 =
∂
∂z3
.
The Beltrami differential of the Kuranishi family of X is
φ(t) = tiλθ
iϕ¯λ −D(t)θ3ϕ¯3, with D(t) = t11t22 − t21t12,
and the Kuranishi space of X is
B = {t = (t11, t12, t21, t22, t31, t32) ∈ C6 | |tiλ| < ǫ, i = 1, 2, 3, λ = 1, 2},
where ǫ > 0 is sufficiently small. Set
φ1 =
3∑
i=1
2∑
λ=1
tiλθ
iϕ¯λ, φ2 = D(t)θ
3ϕ¯3,
and write the canonical deformation of σ0 ∈ H0,q∂¯ (X,E) by σ(t) =
∑
k σk(t) with each
σk = σk(t) being the homogeneous term of degree k in t ∈ B. We need to check that
(9.1)
k∑
j=1
〈φj |σk−j〉 = 0 ∈ H0,q+1∂¯ (X,E), ∀ k > 0 .
Let us now consider the deformation of classes in
H0(X,Ω2X) = C{ϕ1 ∧ ϕ2, ϕ2 ∧ ϕ3, ϕ1 ∧ ϕ3}.
First, we compute
L1,0φ1 ϕ1 = L
1,0
φ1
ϕ2 = L1,0φ1 ϕ¯1 = L
1,0
φ1
ϕ¯2 = L1,0φ1 ϕ¯3 = 0 ,
L1,0φ1 ϕ3 =
2∑
λ=1
(t1λϕ
2 − t2λϕ1) ∧ ϕ¯λ , L1,0φ2 ϕi = L
1,0
φ2
ϕ¯i = 0, i = 1, 2, 3.
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and
L1,0φ1 (ϕ1 ∧ ϕ2) = L
1,0
φ1
ϕ1 ∧ ϕ2 − ϕ1 ∧ L1,0φ1 ϕ2 = 0 ,
L1,0φ1 (ϕ2 ∧ ϕ3) = L
1,0
φ1
ϕ2 ∧ ϕ3 − ϕ2 ∧ L1,0φ1 ϕ3 = −t2λϕ¯λ ∧ ϕ1 ∧ ϕ2 ,
L1,0φ1 (ϕ1 ∧ ϕ3) = L
1,0
φ1
ϕ1 ∧ ϕ3 − ϕ1 ∧ L1,0φ1 ϕ3 = −t1λϕ¯λ ∧ ϕ1 ∧ ϕ2 .
Set σ0 = a12ϕ
1 ∧ ϕ2 + a23ϕ2 ∧ ϕ3 + a13ϕ1 ∧ ϕ3, then
L1,0φ1 σ0 = −(t2λa23 + t1λa13)ϕ¯λ ∧ ϕ1 ∧ ϕ2
is exact if and only if L1,0φ1 σ0 = 0, i.e.
(9.2)
{
t21a23 + t11a13 = 0
t22a23 + t12a13 = 0 .
has solutions for (a23, a13), and in this case the canonical solution is given by
σ1 = ∂¯
∗GL1,0φ1 σ0 = 0 .
On the other hand,
L1,0φ2 σ0 = 0 =⇒ σ2 = ∂¯∗G(L
1,0
φ2
σ0 + L1,0φ1 σ1) = 0 ,
and φk = 0, k > 2 implies that σk = 0, k > 2.
Therefore, for V = H0(X,Ω2X) we have (See Definition 6.8)
Vt = {a12ϕ12 + a23ϕ23 + a13ϕ13 | (a12, a23, a13) ∈ C3 satisfy (9.2)} ⊆ H0(X,Ω2X )
where we denote ϕi ∧ϕj by ϕij for short. Note that dimVt is determined by the rank
of the matrix
T =
(
0 t21 t11
0 t22 t12
)
.
Set hp,q(Xt) = dimH
q(Xt,Ω
p
Xt
) and write (i), (ii), (iii) for the three cases when
(t11, t12, t21, t22) = 0, (t11, t12, t21, t22) 6= 0 and D(t) = 0, D(t) 6= 0, respectively.
Then by Proposition 6.10 and Theorem 6.11 we have the following
t ∈ B rank T h2,0(Xt) H0(Xt,Ω2Xt)
(i) 0 3 eiφ(t)C{ϕ12, ϕ23, ϕ13}
(ii) 1 2 eiφ(t)C{ϕ12, t21ϕ13 − t11ϕ23}
(iii) 2 1 eiφ(t)C{ϕ12}
Remark 9.2. According to Griffiths [Gri65, pp. 118], [y] ∈ H0,q
∂¯
(X,E) is called a
extendable class if there exists σ(t) ∈ A0,q(X,E)[[t]] such that ∂¯φ(t)σ(t) = 0 and
[σ(0)] = [y] in which case σ(0) is said to be extendable. Note that extendable classes
are exactly unobstructed classes (w.r.t. π) in our sense (Definition 7.1) if we assume
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that formally unobstructedness could imply actual unobstructedness [Gri65, Th. 2.1].
A result of Griffiths [Gri65, Thm. 4.4] says that if dimB = 1 then
Hq(Xt, Et) ∼= {extendable classes}/{jump classes}, for t 6= 0,
in particular, for t 6= 0,
dimHq(Xt, Et) ≤ dim{extendable classes} = dim{unobstructed classes}.
The example above shows that this result is not true in general. In fact, now the
space of unobstructed classes is C{ϕ12} by Corollary 7.16. Let us restrict the family
to the one dimensional base defined by t12 = t21 = t22 = 0, then for t11 6= 0 we have
dimH0(Xt,Ω
2
Xt
) = 2 > dim{extendable classes} = 1.
For the deformation of classes in
H1(X,Ω1X ) = C{ϕ11¯, ϕ12¯, ϕ21¯, ϕ22¯, ϕ31¯, ϕ32¯},
we set σ0 = a11ϕ
11¯ + a12ϕ
12¯ + a21ϕ
21¯ + a22ϕ
22¯ + a31ϕ
31¯ + a32ϕ
32¯, then
L1,0φ1 σ0 = (a31t22 − a32t21)ϕ11¯2¯ + (a32t11 − a31t12)ϕ21¯2¯
= −∂¯
(
(a31t22 − a32t21)ϕ13¯ + (a32t11 − a31t12)ϕ23¯
)
,
and L1,0φ2 σ0 = 0. We see that classes in H1(X,Ω1X) are all unobstructed. On the other
hand,
∂¯φ(t)ϕ
3 = t21ϕ
11¯ + t22ϕ
12¯ − t11ϕ21¯ − t12ϕ22¯,
and ker ∂¯∗ ∩ Im ∂¯φ(t) = C{∂¯φ(t)ϕ3}.
Therefore, for V = H1(X,Ω1X), we have the following
t ∈ B dimVt dimker ft h1,1(Xt)
(i) 6 0 6
(ii) and (iii) 6 1 5
Note that ∂¯φ(t)ϕ
3 is a non-canonical deformation of 0 on {0, t} ⊂ B which is equiva-
lent to the trivial deformation and the canonical deformation of ∂¯φ(t)ϕ
3 ∈ H1(X,Ω1X )
is just itself since L1,0φ1 ∂¯φ(t)ϕ3 = 0.
Remark 9.3. The Kuranishi family of Iwasawa manifold shows that the degenera-
tions at E1 of Fro¨hlicher spectral sequence is not a deformation closed property. In
fact, let us restrict the Kuranishi family of Iwasawa manifold to the small disc de-
fined by (t12, t21, t31, t32) = 0 and t22 = ε > 0. Recall that the Fro¨hlicher spectral
sequence at E1 if and only if the equality holds in the Fro¨hlicher inequalities [Dem12,
pp. 322]. By the computations of Hodge numbers for the Kuranishi family of the
Iwasawa manifolds [Nak75, Ang13], we see that if t11 = 0 (in class (ii)) the Fro¨hlicher
spectral sequence on Xt does not degenerate at E1 and if t11 6= 0 (in class (iii)) the
Fro¨hlicher spectral sequence on Xt degenerate at E1.
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Example 9.4. Case III-(3b). Let X = C3/Γ be the solvable manifold constructed
by Nakamura in Example III-(3b) of [Nak75]. We have
H0(X,Ω1X) = C{ϕ1 = dz1, ϕ2 = ez1dz2, ϕ3 = e−z1dz3} ,
H0(X,T 1,0X ) = C{θ1 =
∂
∂z1
, θ2 = e−z1
∂
∂z2
, θ3 = ez1
∂
∂z3
} ,
H0,1(X) = C{ψ1¯ = dz1¯, ψ2¯ = ez1dz2¯, ψ3¯ = e−z1dz3¯} ,
H0,1(X,T 1,0X ) = C{θiψλ¯, i = 1, 2, 3, λ = 1, 2, 3} ,
The Beltrami differential of the Kuranishi family of X is
φ(t) = φ1 = tiλθ
iψλ¯
and the Kuranishi space of X is
B = {t = (t11, t12, t13, t21, t22, t23, t31, t32, t33) ∈ C9 | |tiλ| < ǫ, i = 1, 2, 3, λ = 1, 2, 3},
where ǫ > 0 is sufficiently small.
Let us now consider the deformation of classes in H0(X,Ω1X) and set σ0 = a1ϕ
1 +
a2ϕ
2 + a3ϕ
3, then
L1,0φ1 σ0 =a1(−t12ϕ1 ∧ ψ2¯ + t13ϕ1 ∧ ψ3¯) + a2(−t1λϕ2 ∧ ψλ¯ + t21ϕ1 ∧ ψ1¯ + 2t23ϕ1 ∧ ψ3¯)
+ a3(t1λϕ
3 ∧ ψλ¯ − t31ϕ1 ∧ ψ1¯ − 2t32ϕ1 ∧ ψ2¯)
=(a2t21 − a3t31)ϕ1 ∧ ψ1¯ − (a1t12 + 2a3t32)ϕ1 ∧ ψ2¯ + (a1t13 + 2a2t23)ϕ1 ∧ ψ3¯
+ a3t1λϕ
3 ∧ ψλ¯ − a2t1λϕ2 ∧ ψλ¯
is exact if and only if L1,0φ1 σ0 = 0, i.e.
(9.3)


a2t21 − a3t31 = 0
a1t12 + 2a3t32 = 0
a1t13 + 2a2t23 = 0
a2t1λ = 0, λ = 1, 2, 3
a3t1λ = 0, λ = 1, 2, 3 .
has solutions for (a1, a2, a3). On the other hand, φk = 0, k > 1 implies that σk =
0, k > 1.
Therefore, for V = H0(X,Ω1X) we have
Vt = {a1ϕ1 + a2ϕ2 + a3ϕ3 | (a1, a2, a3) ∈ C3 satisfy (9.3)}
and dimVt is determined by the rank of the coefficient matrix T of (9.3).
Hence we have the following table
At last, we make the following observation: while the canonical deformation of a
given Dolbeault cohomology class is unique, it may have inequivalent deformations
in general. We can see this form the above example Case III-(3b). In fact, let
y = 0 ∈ H0,1(X) then σ(t) = 0 is a deformation of [y]. But another deformation
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t ∈ B rank T dimVt h1,0(Xt)
tiλ = 0, 1 ≤ i, λ ≤ 3, (i, λ) 6= (2, 2), (3, 3) 0 3 3
t11 = t12 = t13 = t21t32 = t23t31 = t23t32 = 0 s.t.
t23 6= 0 or t32 6= 0 or t21 6= 0 or t31 6= 0
1 2 2
t12 = t13 = 0 s.t.
t11 6= 0 or t23t32 6= 0 or t23t31 6= 0 or t21t32 6= 0
2 1 1
t12 6= 0 or t13 6= 0 or t21t13t32 − t31t12t23 6= 0 3 0 0
of [y] is given, e.g., by σ′(t) = t11dz
1¯ which is not equivalent to σ(t) = 0 since
σ′(t) ∈ H0,1(X) and H0,1(X) ∩ Im ∂¯φ(t) = 0.
10. Concluding remarks
We see that the theory developed in this paper provides a general framework for
proving deformation invariance of the dimensions of Dolbeault cohomology groups.
Besides Siu’s conjecture about the deformation invariance of plurigenera for Ka¨hler
manifold, it was asked by Huybrechts [Huy95, pp. 145] whether the dimension of
H1(X,T 1,0X ⊗ΩX) is a deformation invariant for Calabi-Yau manifolds. It seems that
methods are still lacking to solve the extension equation (as a special type of the
∂¯-equation) in these cases.
It should be possible to establish a similar theory for more general vector bundles.
The most general case would be when the complex structure on X and the vector
bundle structure on E varies simultaneously, i.e. deformation of pairs [Hua95, IM18,
CS14, CS18]. Then it seems that we need two Beltrami differentials to capture the
deformations, see e.g. [LT18]. The deformations of Bott-Chern cohomology [Sch07]
will be studied in a subsequent work [Xia20]. We also believe there is a similar theory
for algebraic deformations where the role of Dolbeault cohomology is replaced by
Hochschild cohomology [HG88].
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